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> igl2020 — npoeKT WANMHOMCKNX CTYLEHTOB, LeNblo KOTOPOro bbina dopmannsauuns
Teopun mogeneii B Lean.

» mathlib — 310 6ubnuoteka gns Lean, noafaep)xneaeMasi NOAb30BaTENAMU.

igl2020 mathlib
> Tepmbi > SA3biku
> Dopmynsi » CrpykTypsl
> S3bikn » Satisfiability
» CrpykTypbl » Definability of sets
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[NocTaHoBKa 3aa4dn
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B igl2020 si3biku 3aganbl Tpoiikoii (F, R, C), cTpykTypbl — Tpoiikoii, 3agatoLueit
MHTEpNPETaLmio.

Apunmetnyeckue cTpykTypbl npowe. Popmynbl apudMETUHECKMX SA3bIKOB MOXKHO
nHTepnpetupoBaTh ¢ nomowbto N arith _semiring = (N, 0,1, 4, %, <).

structure arith_struc (L : arith_lang) :=
(rels : vector (formula
ordered_semiring_lang) L.n)
(ar_proof : Vi,
formula.count_free_vars_list
(rels.nth i) = L.ar i)

structure arith_lang : Type 1 :=
(n : N+)
(ar : fin n — N+)

rels — Habop 6a30BbIX OTHOWEHNIA, ar_proof — cepTUgMKaT, NOATBEPKAAIOLWMI, YTO apHOCTb
i-ro oTHoweHust pasHa L.ar(i).
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P> arith_struc — CTpyKTypa, €& HocuTens — N, KOHCTaHT U PYHKUMUOHANBHBLIX CUMBOJIOB
HeT. OTHOLWEHUS 3agatoTCs:

veESRiwvEp

rne ¢ — cbopmyna, 3ajaroulas OTHOLUEHME.
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OnpefennmocTb B aprdpMETUYECKNX CTPYKTYpax

ApudmeTunyeckne CTpyKTypbl pewatoT npobaemy.
Def(p, M) :=3Jp : formula L (Vva:N = N (val|=p & va = ¢))

Def(M) := {¢ | Def(y), M)}
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Def(M) := {¢ | Def(y), M)}

def predicate_is_definable_in_arith_struc
{L; : arith_lang} (S : arith_struc L)
(pred : formula ordered_semiring_lang)

3 ¢ : formula Ly,
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ApudmeTunyeckne CTpyKTypbl pewatoT npobaemy.
Def(p, M) :=3Jp : formula L (Vva:N = N (val|=p & va = ¢))

Def(M) := {¢ | Def(y), M)}

def predicate_is_definable_in_arith_struc def definable_predicates
{L; : arith_lang} (S : arith_struc L) {L; : arith_lang} (S : arith_struc L;)
(pred : formula ordered_semiring_lang) =

= { |
3 ¢ : formula Ly, predicate_is_definable_in_arith_struc
Vva: N—=N, va E ¢ & va | pred S ¢}
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Teopema 0 coxpaHeHun OnpeaenuMocTu
Teopema
Myctb S1, Sy — apucbmeTnyeckmne CTpykTypsl, npuyem aoboii 6azosbli npegnkat Sy

onpegemm B Sy. Torga MHOXECTBO BCEX MPEANKATOB, ONPEAENMbIX B S1 COAEPXKUTCS B
MHOXECTBE BCEX NPEANKATOB, onpegeanmeix B Sy. To ects,

(Vp € Si.rels (p € Def(S2))) = Def(S1) C Def(S,)
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MHOXECTBE BCEX NPEANKATOB, onpegeanmeix B Sy. To ects,

(Vp € Si.rels (p € Def(S2))) = Def(S1) C Def(S,)

theorem subset_if_predicates_definable {L; L,
(S1 : arith_struc L) (S; : arith_struc L,)

(V pred € Sj.rels.to_list, predicate_is_definable_in_arith_struc S; pred) —
definable_predicates S; C definable_predicates S»

: arith_lang}
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Teopema o coxpaHeHun OnNpeaenMocCTu

Teopema

Myctb S1, Sy — apucbmeTnyeckmne CTpykTypsl, npuyem aoboii 6azosbli npegnkat Sy
onpegenum B Sy. Torga MHOXECTBO BCEX MPEANKATOB, ONPEAENNMbIX B S1 COAEPXKUTCS B
MHOXECTBE BCEX MPEANKATOB, onpegeaumbix B Sy. To ecTs,

(Vp € Si.rels (p € Def(S2))) = Def(S1) C Def(S,)

theorem subset_if_predicates_definable {L; L, : arith_lang}
(S1 : arith_struc L) (S; : arith_struc L,)

(V pred € Sj.rels.to_list, predicate_is_definable_in_arith_struc S; pred) —
definable_predicates S; C definable_predicates S :=

L[okasaTenbcTBo

Teopema [0Ka3bIBAETCS UHAYKYMEN No 1, rge ) — Takas ¢opmyna sisbika L1, 4yto
va =Y < va = ¢ gns mobbix va : N — N u Hekotopoii ¢popmynsl ¢ € Def(Sy).
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PesynbTathl

> BeegeHbl noHATUS apudMeTNYECKMX A3BIKOB 1 apUPMETUHECKUX CTPYKTYP
» [okazaHa KOpPEKTHOCTb BBEAEHHbIX hopmann3aunii
» Dopmann3oBaHO NOHATHE OMPEEVMOCTMN NPEANKATOR B apuPMETUYECKUX CTPYKTypax

» [oka3zaHa TeopeMa O COXpaHeHUN OMPeLEMMOCTM B apupMETUYECKUX CTPYKTypax

Wnest Qyanvkos (CM6Iry) Definability 8 Lean
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Problems in the literature. Presburger arithmetic is the first-order theory of (Z,0,1, +, <)
Presburger arithmetic with divisibility (PAD) is the extension of PA obtained when we add a
binary divisibility predicate

Their procedure does not eliminate all quantifiers but rather yields a sentence in the
[[o-fragment of PAD. (Decidability of the BIL language would then follow from the result of
Lipshitz [ 26].) Then, they briefly argue how the algorithm generalizes to Y3gPAD™. There are
two crucial problems in the argument from [6] that we have summarized here (and which were
reproduced in Lechner's work): First, the quantifier-elimination procedure of Bozga and losif
does not directly work for BIL. Indeed, not all BIL sentences satisfy the conditions required for
the CRT to be applicable as used in their algorithm. Second, there is no way to generalize their
algorithm to Y3grPAD™ since the language is undecidable.

— Revisiting Parameter Synthesis for One-Counter Automata, Guillermo A. Pérez, Ritam Raha, 2022
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KOppeKTHOCTb apMdJMeTquCMX CTPYKTYP N A3bIKOB

def arith_struc.to_struc {L : arith_lang} (S :
arith_struc L) : struc L :=

{
def arith_lang.to_lang (L : R:=\Axr,
arith_lang) : lang := if ((list.of_fn L.ar).count x) = O then ()
{ else
F:=\_, empty, let index := -- 4ndex of the desired
R := )\ x, let ar_vec := formula
vector.of_fn L.ar in let ¢ := S.rels.nth index in
fin { v : vector N x |
(ar_vec.to_list.count x), let va : N — N_arith_semiring.univ :=
C := empty A var,
} -- constructing variable assignment
map
in va = ¢ }
}

Wnest Qyanvkos (CM6Iry) Definability 8 Lean 2/2
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