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Ââåäåíèå

Â äàííîé ðàáîòå áóäóò ðàññìîòðåíû âîçìîæíîñòè ñèñòåì äëÿ èíòåðàê-
òèâíîãî äîêàçàòåëüñòâî òåîðåì (äàëåå proof assistants) ïðèìåíèòåëüíî ê
îïèñàíèþ îïåðàöèîííûõ ñåìàíòèê � äåäóêòèâíûõ ñèñòåì, îïèñûâàþùèõ
ïîâåäåíèå ïðîãðàìì, íàïèñàííûõ íà ÿçûêå ïðîãðàììèðîâàíèÿ.

Îïåðàöèîííûå ñåìàíòèêè � îäèí èç ñïîñîáîâ ôîðìàëüíî îïèñàòü ñå-
ìàíòèêó ÿçûêà. Ñ èõ ïîìîùüþ ìîæíî îïèñûâàòü èíòåðïðåòàòîðû, êîì-
ïèëÿòîðû, ñòàòè÷åñêèå àíàëèçàòîðû è ïðî÷èå ïðîãðàììû, íåîáõîäèìûå
äëÿ ðàáîòû ñ ÿçûêàìè ïðîãðàììèðîâàíèÿ, òàêèì îáðàçîì, ÷òî î íèõ
ìîæíî ðàññóæäàòü ôîðìàëüíî. Â ñâîþ î÷åðåäü, ôîðìàëèçàöèÿ ðàçðà-
áàòûâàåìîãî îáúåêòà äà¼ò âîçìîæíîñòü ñíèçèòü êîëè÷åñòâî îøèáîê ïðè
ðåàëèçàöèè, âåðôèöèðîâàòü ïîëó÷åííóþ ïðîãðàììó (ò.å. äîêàçàòü å¼ êîð-
ðåêòíîñòü), à â íåêîòîðûõ ñëó÷àÿõ è àâòîìàòèçèðîâàòü ñàì ïðîöåññ ðàç-
ðàáîòêè.

Â òî æå âðåìÿ, ñåðòèôèêàöèîííîå ïðîãðàììèðîâàíèå � íàïðàâëå-
íèå, â êîòîðîì ïðè ðàçðàáîòêå ïðîãðàììû èñïîëüçóþòñÿ ôîðìàëüíûå
îïèñàíèÿ è äîêàçàòåëüñòâà å¼ ïîëåçíûõ èëè äðóãèõ èíòåðåñíûõ ñâîéñòâ.
Ïîÿâèëîñü ýòî íàïðàâëåíèå â ñâÿçè ñ ðàçâèòèåì ñðåäñòâ äëÿ èíòåðàêòèâ-
íîãî äîêàçàòåëüñòâà è àâòîìàòè÷åñêîé ïðîâåðêè òåîðåì. Îòíîñèòåëüíî
íîâîå ïîêîëåíèå òàêèõ ñðåäñòâ îñíîâàíî íà çàâèñèìûõ òèïàõ è ïîçâî-
ëÿåò ñîâìåñòèòü ïðîãðàììó è äîêàçàòåëüñòâî å¼ êîððåêòíîñòè â îäíîì
òåêñòå.

Öåëü êóðñîâîé ðàáîòû � îöåíèòü ïðèìåíèìîñòü proof assistants â îá-
ëàñòè ðàçðàáîòêè ÿçûêîâ ïðîãðàììèðîâàíèÿ, â ÷àñòíîñòè äëÿ:

� îïèñàíèÿ îïåðàöèîííîé ñåìàíòèêè;

� àâòîìàòèçèðîâàííîé ãåíåðàöèè èíòåðïðåòàòîðà ïî îïåðàöèîííîé
ñåìàíòèêå (âñòðîåííûìè ñðåäñòâàìè âûáðàííîãî èíñòðóìåíòà);

� äîêàçàòåëüñòâa êàêèõ-ëèáî ñâîéñòâ îá èíòåðïðåòàöèè (ïî âîçìîæ-
íîñòè àâòîìàòè÷åñêîãî);
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1 Îáçîð proof assistants

Â äàííîé ðàáîòå ñäåëàí óïîð íà ïîêîëåíèè proof assistants, â îñíîâå ðåà-
ëèçàöèè êîòîðûõ ëåæèò ÿçûê ïðîãðàììèðîâàíèÿ ñ çàâèñèìûìè òèïàìè.

Òàêèå ñèñòåìû ïîçâîëÿþò êîäèðîâàòü óòâåðæäåíèÿ òåîðåì è èõ äî-
êàçàòåëüñòâà ñðåäñòâàìè ñàìîãî ÿçûêà, èñïîëüçóÿ ñîîòâåòñòâèå Êàððè-
Ãîâàðäà. Ïîýòîìó proof assistants íà çàâèñèìûõ òèïàõ ÿâëÿþòñÿ ïðèìå-
ðîì ïðèìåíåíèÿ ñòðîéíîé ìàòåìàòè÷åñêîé òåîðèè â ïðîãðàììèðîâàíèè.

1.1 Çàâèñèìûå òèïû

Ñèñòåìà òèïîâ � ýòî ãèáêî óïðàâëÿåìûé
ñèíòàêñè÷åñêèé ìåòîä äîêàçàòåëüñòâà îòñóòñòâèÿ â
ïðîãðàììå îïðåäåë¼ííûõ âèäîâ ïîâåäåíèÿ ïðè ïîìîùè
êëàññèôèêàöèè âûðàæåíèé ÿçûêà ïî ðàçíîâèäíîñòÿì
âû÷èñëÿåìûõ èìè çíà÷åíèé.

�Types and Programming Languages� [1]

Ìåõàíèçì çàâèñèìûõ òèïîâ ÿâëÿåòñÿ ðàñøèðåíèåì ïàðàìåòðè÷åñêî-
ãî ïîëèìîðôèçìà.

Ïðè íàëè÷èè ïàðàìåòðè÷åñêîãî ïîëèìîðôèçìà â ÿçûêå ìû ìîæåì
ðàáîòàòü ñ òèïàìè, ïàðàìåòðèçîâàííûìè äðóãèìè òèïàìè. Â êà÷åñòâå
ïðèìåðà ïðèâåä¼ì List A� òèï ñïèñêà ñ ýëåìåíòàìè òèïà A.

Êîä, îïðåäåëÿþùèé ýòîò òèï äàííûõ:

data List (A : Set) : Set where

cons : A -> List A -> List A

nil : List A

Ïðèìåðîì ïàðàìåòðè÷åñêîãî ïîëèìîðôèçìà ìîãóò ñëóæèòü òàêæå
generics â Java è Ñ#. Ïîäðîáíåå ïðî ïàðàìåòðè÷åêèé ïîëèìîðôèçì ìîæ-
íî ïðî÷èòàòü â [2].

Çàâèñèìûå æå òèïû ìîãóò áûòü ïàðàìåòðèçîâàíû íå òîëüêî òèïà-
ìè, íî è òåðìàìè (çíà÷åíèÿìè). Êëàññè÷åñêèé ïðèìåð çàâèñèìîãî òèïà:
Vector A (n : N)� ñïèñîê ôèêñèðîâàííîé äëèíû n.

Êîä, îïðåäåëÿþùèé ýòîò òèï äàííûõ:

data Vector (A : Set) : N -> Set where

cons : (n : N) -> A -> Vector A n -> Vector A (S n)

nil : Vector A O

-- S - êîíñòðóêòîð íåíóëåâûõ íàòóðàëüíûõ ÷èñåë

-- S n == n + 1

Âîçìîæíîñòü èñïîëüçîâàíèÿ òåðìîâ â êà÷åñòâå òèïîâûõ ïàðàìåòðîâ
ïîçâîëÿåò çàïèñûâàòü ïðåäèêàòû êàê òèïû, à çíà÷èò, ìîæíî èñïîëüçî-
âàòü ïðåäèêàòû êàê òèïû àðãóìåíòîâ ôóíêöèé.
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×àñòè÷íî ïðèìåðîì ìîæåò ñëóæèòü ôóíêöèÿ head ñ òèïîì
(n : N) -> Vector A (S n) -> A, âîçâðàùàþùàÿ ïåðâûé ýëåìåíò ñïèñ-
êà òèïà Vector. Ýòà ôóíêöèÿ îæèäàåò â êà÷åñòâå àðãóìåíòà òåðì òèïà
Vector A (S n), ÷òî èñêëþ÷àåò âîìîæíîñòü âûçâàòü head îò ïóñòîãî
ñïèñêà.

×èñëà (S n) çäåñü ÿâëÿþòñÿ êîíñòðóêòèâíûìè äîêàçàòåëüñòâàìè
ïðåäèêàòà �ñïèñîê íå ïóñò�. Ýòîò ïðåäèêàò çàäàí íåÿâíî, êàê ÷àñòü îïðå-
äåëåíèÿ òèïà Vector, íî âîçìîæíî è ÿâíîå çàäàíèå â âèäå îáîñîáëåííîãî
òèïà âðîäå Predicate (p : Proof) ñ äîêàçàòåëüñòâàìè åãî âûïîëíåíèÿ
â âèäå ýëåìåíòîâ òèïà Proof.

Îïèñàíèÿ ïîäîáíûõ ïðè¼ìîâ ìîæíî ïî÷åðïíóòü èç [3].
Äðóãàÿ èäèîìà, êîòîðóþ îòêðûâàþò çàâèñèìûå òèïû � ïðåäñòàâëå-

íèÿ (views). Îíà çàêëþ÷àåòñÿ â îñîáîì îïèñàíèè òèïîâ ñ ïàðàìåòðàìè
òàêèì îáðàçîì, ÷òî ñîïîñòàâëåíèå ýëåìåíòîâ ýòèõ òèïîâ ñ îáðàçöîì ñî-
îáùàåò äîïîëíèòåëüíóþ èíôîðìàöèþ îá ýëåìåíòå-ïàðàìåòðå.

Ïðèìåð:

data Parity : N -> Set where

even : (k : N) -> Parity (k * 2)

odd : (k : N) -> Parity (k * 2 + 1)

Äàëåå ìû ìîæåì èñïîëüçîâàòü ýëåìåíòû òèïà Parity äëÿ íåêîòîðîãî
÷èñëà n, ÷òîáû ðàçëîæèòü àðãóìåíò n íåêîòîðîé ôóíêöèè ëèáî íà k * 2,
ëèáî íà k * 2 + 1 â çàâèñèìîñòè îò çíà÷åíèÿ parity äëÿ n:

f : N -> ...

f n with parity n -- parity : (n : N) -> Parity n

f .(k * 2) | even k = ...

f .(k * 2 + 1) | odd k = ...

-- òî÷êà îçíà÷àåò àâòîìàòè÷åñêè âûâîäèìûé øàáëîí

Â äàëüíåéøåì ýòà òåõíèêà áóäåò èñïîëüçîâàíà äëÿ îïèñàíèÿ îïåðà-
öèîííîé ñåìàíòèêè.

1.2 Ñîîòâåòñòâèå Êàððè-Ãîâàðäà

Ñîîòâåòñòâèå Êàððè-Ãîâàðäà � íàáëþäàåìîå ñòðóêòóðíîå ñõîäñòâî ìåæ-
äó êîìïüþòåðíûìè ïðîãðàììàìè è ìàòåìàòè÷åñêèìè äîêàçàòåëüñòâàìè.
Åãî ñóòü ñîñòîèò â òîì, ÷òî ëþáîé òèïèçèðîâàííîé ñèñòåìå ñîîòâåòñòâóåò
íåêîòîðàÿ ëîãèêà, è íàîáîðîò.

Èìåííî áëàãîäàðÿ ýòîìó ñîîòâåòñòâèþ ìû ìîæåì èñïîëüçîâàòü çàâè-
ñèìûå òèïû äëÿ âûðàæåíèÿ óñëîâèé. Ìîæíî ñêàçàòü, ÷òî âûñêàçûâàíèÿ
åñòü òèïû, à èõ äîêàçàòåëüñòâà ÿâëÿþòñÿ ïðîãðàììàìè.
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Èçâåñòíàÿ êíèãà Á. Ïèðñà ïî òåîðèè òèïîâ òàê îáúÿñíÿåò çàâèñèìûå
òèïû: �Â êîíñòðóêòèâíûõ ëîãèêàõ äîêàçàòåëüñòâî óòâåðæäåíèÿ P ñîñòî-
èò â äåìîíñòðàöèè êîíêðåòíîãî ñâèäåòåëüñòâà â ïîëüçó P . Êàððè è Ãî-
âàðä çàìåòèëè, ÷òî ýòî ñâèäåòåëüñòâî âî ìíîãîì ïîõîæå íà âû÷èñëåíèå.
Íàïðèìåð, äîêàçàòåëüñòâî óòâåðæäåíèÿ P ⇒ Q ìîæíî ðàññìàòðèâàòü
êàê ìåõàíè÷åñêóþ ïðîöåäóðó, êîòîðàÿ, ïîëó÷àÿ äîêàçàòåëüñòâî P , ñòðî-
èò äîêàçàòåëüñòâî Q.� [1]

Â ðàìêàõ ñîîòâåòñòâèÿ Êàððè-Ãîâàðäà ñëåäóþùèå ñòðóêòóðíûå ýëå-
ìåíòû ðàññìàòðèâàþòñÿ êàê àíàëîãè÷íûå:

âûñêàçûâàíèå P òèï P

äîêàçàòåëüñòâî âûñêàçûâàíèÿ P òåðì òèïà P

óòâåðæäåíèå P äîêàçóåìî òèï P îáèòàåì
êîíúþíêöèÿ P ∧Q êîðòåæ P × Q

äèçúþíêöèÿ P ∨Q ðàçìå÷åííîå îáúåäèíåíèå P + Q

èìïëèêàöèÿ P ⇒ Q ôóíêöèîíàëüíûé òèï P → Q

èñòèííàÿ ôîðìóëà òèï ñ åäèíñòâåííûì ýëåìåíòîì
ëîæíàÿ ôîðìóëà òèï áåç ýëåìåíòîâ
êâàíòîð âñåîáùíîñòè ∀ çàâèñèìîå ïðîèçâåäåíèå

∏
êâàíòîð ñóùåñòâîâàíèÿ ∃ çàâèñèìàÿ ñóììà

∑
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1.3 Îñîáåííîñòè êîíêðåòíûõ ñèñòåì

Ïðåæäå ÷åì ðàññìîòðåòü ðàçëè÷íûå proof assistants, íåîáõîäèìî îïðå-
äåëèòü ïîíÿòèÿ èíòåðàêòèâíîãî è àâòîìàòè÷åñêîãî ïîñòðîåíèÿ äîêà-
çàòåëüñòâà. Èíòåðàêòèâíûì ñïîñîáîì ìû áóäåì îáîçíà÷àòü âçàèìîäåé-
ñòâèå ïîëüçîâàòåëÿ ñ ñèñòåìîé íà ïðîòÿæåíèè âñåãî ïðîöåññà ñ öåëüþ
óïðàâëåíèÿ äîêàçàòåëüñòâîì, à àâòîìàòè÷åñêèì ñïîñîáîì � âçàèìî-
äåéñòâèå, ïîëíîñòüþ èñêëþ÷àþùåå âìåøàòåëüñòâî ïîëüçîâàòåëÿ, êðîìå
ôîðìóëèðîâàíèÿ öåëè (óòâåðæäåíèÿ, òåîðåìû).

1.3.1 Coq

Îäíà èç ñàìûõ èçâåñòíûõ è çðåëûõ ñèñòåì äëÿ èíòåðàêòèâíîãî äîêà-
çàòåëüñòâà òåîðåì � Coq1. Êàê è âñå èíñòðóìåíòû, ðàññìîòðåííûå â
äàííîé ðàáîòå, Coq èñïîëüçóåò ôóíêöèîíàëüíûé ÿçûê ïðîãðàììèðîâà-
íèÿ ñ çàâèñèìûìè òèïàìè � Gallina � äëÿ îïèñàíèÿ ñòðóêòóð äàííûõ,
îïðåäåëåíèÿ ôóíêöèé è òèïîâ.

Èíòåðàêòèâíîå è àâòîìàòè÷åñêîå äîêàçàòåëüñòâî òåîðåì â Coq îñó-
ùåñòâëÿåòñÿ ñ ïîìîùüþ òàêòèê � ïðîãðàìì äëÿ îáðàáîòêè êîíòåê-
ñòà äîêàçàòåëüñòâà (êîíòåêñò äîêàçàòåëüñòâà ñîäåðæèò ïåðåìåííûå-
ãèïîòåçû ïîäîáíî êîíòåêñòó âû÷èñëåíèé, ñîäåðæàùåìó ïåðåìåííûå-
çíà÷åíèÿ). Òàêòèêè ìîæíî ïèñàòü íà ñïåöèàëüíîì ÿçûêå Ltac; âäîáàâîê,
åñòü âñòðîåííàÿ áèáëèîòåêà òàêòèê. Íåêîòîðûå òàêòèêè ñïîñîáíû ïîë-
íîñòüþ àâòîìàòè÷åñêè äîêàçûâàòü òåîðåìû äëÿ àëãîðèòìè÷åñêè ðàçðå-
øèìûõ òåîðèé (íàïðèìåð, omega äëÿ àðèôìåòèêè Ïðåñáóðãåðà).

Ïðèñóòñòâóåò àâòîìàòèçàöèÿ è â àâòîìàòè÷åñêîì âûâîäå òèïîâ �
ìîæíî îïóñêàòü íåêîòîðûå òèïû â ñèãíàòóðàõ ôóíêöèé, êîòîðûå Coq
ìîæåò âû÷èñëèòü ñàìîñòîÿòåëüíî.

Coq òàêæå ïîçâîëÿåò ðàçðàáàòûâàòü è âåðèôèöèðîâàòü ïðîãðàììû
íà îñíîâå îäíîãî èñõîäíîãî êîäà, ò.ê. îáëàäàåò ìåõàíèçìîì èçâëå÷åíèÿ
êîäà íà ÿçûêàõ OCaml, Haskell è Scheme èç èñõîäíûõ òåêñòîâ Coq. Ïðè
ýòîì âåðèôèêàöèîííàÿ èíôîðìàöèÿ ñòèðàåòñÿ äëÿ áîëüøåé ïðîèçâîäè-
òåëüíîñòè.

1http://coq.inria.fr
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1.3.2 Agda

Ñèñòåìà Agda2 áîëåå ìîëîäàÿ è èìååò ìåíüøå ñðåäñòâ äëÿ àâòîìàòèçà-
öèè äîêàçàòåëüñòâ.

Â îòëè÷èå îò Coq ìåõàíèçìà òàêòèê â Agda íåò, êàê è ðàçäåëåíèÿ äî-
êàçàòåëüñòâà íà ôàçû ôîðìóëèðîâêè è ñîáñòâåííî äîêàçàòåëüñòâà. Âìå-
ñòî ýòîãî òåîðåìû îïðåäåëÿþòñÿ êàê ïðîñòûå ôóíêöèè (èç ñîîòâåòñòâèÿ
Êàððè-Ãîâàðäà ñëåäóåò, ÷òî ôóíêöèè è äîêàçàòåëüñòâà òåîðåì ñóòü îäíî
è òî æå). Îäíàêî îòñóòñòâèå òàêòèê â íåêîòîðîé ñòåïåíè êîìïåíñèðóåò-
ñÿ ðåôëåêñèåé â ïîñëåäíèõ âåðñèÿõ ñèñòåìû, ò.å. âîçìîæíîñòüþ âíóòðè
äîêàçàòåëüñòâà îáðàòèòüñÿ ê óòâåðæäåíèþ.

Â Agda ðåàëèçîâàíà ïîäñèñòåìà Agsy äëÿ àâòîìàòè÷åñêîãî ïîèñêà
type inhabitant, ò.å. çíà÷åíèÿ çàäàííîãî òèïà. Ñ ïîìîùüþ íå¼ ìîæíî àâ-
òîìàòè÷åñêè èñêàòü äîêàçàòåëüñòâà òåîðåì, íî ýòîò èíñòðóìåíò íåäîñòà-
òî÷íî çðåëûé è èìååò ðÿä îãðàíè÷åíèé.

Êðîìå òîãî, àâòîìàòè÷åñêè ìîæíî ðàçáèâàòü àðãóìåíòû ôóíêöèé íà
êîíñòðóêòîðû, ÷òî òàêæå àâòîìàòèçèðóåò ïîñòðîåíèå äîêàçàòåëüñòâà.

2http://wiki.portal.chalmers.se/agda
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2 Îïåðàöèîííûå ñåìàíòèêè

Îïåðàöèîííàÿ ñåìàíòèêà [4] ïðîãðàììû çàäà¼ò îòíîøåíèå íà ìíîæåñòâå
ñîñòîÿíèé è îïðåäåëÿåòñÿ íàáîðîì ïðàâèë âûâîäà.

Îáîçíà÷åíèÿ ñëåäóþùèå:

< S; s >→ s′ ïðîãðàììà S ïåðåâîäèò ñîñòîÿíèå s â s′

s[k 7→ v] ìîäèôèêàöèÿ ñîñòîÿíèÿ s
ïðèñâîåíèå çíà÷åíèÿ v ïåðåìåííîé k

A B

C
ñîñòàâíîå ïðàâèëî

A è B � ïîñûëêè, à C � çàêëþ÷åíèå

2.1 ßçûê While

Ïðèìåðû ïðàâèë áóäóò ïðèâåäåíû äëÿ îïåðàöèîííûõ ñåìàíòèê áîëüøîãî

øàãà è ìàëîãî øàãà äëÿ ÿçûêà While [4]. Âêðàòöå îïèøåì ñèíòàêñèñ
ýòîãî ÿçûêà.

Äëÿ ÿçûêà While îïðåäåëåíû ñëåäóþùèå ñèíòàêñè÷åñêèå êàòåãîðèè
è ìåòà-ïåðåìåííûå:

� êàòåãîðèÿ Num èç íóìåðàëîâ è ìåòà-ïåðåìåííàÿ n äëÿ íèõ;

� êàòåãîðèÿ Var èç ïåðåìåííûõ âìåñòå ñ ìåòà-ïåðåìåííîé x;

� êàòåãîðèÿ Aexp, ñîñòîÿùàÿ èç àðèôìåòè÷åñêèõ âûðàæåíèé, è
ìåòà-ïåðåìåííàÿ a;

� êàòåãîðèÿ Bexp, ñîäåðæàùàÿ ëîãè÷åñêèå âûðàæåíèÿ, è ìåòà-
ïåðåìåííàÿ b äëÿ íèõ;

� êàòåãîðèÿ Stm èíñòðóêöèé ÿçûêà While è ìåòà-ïåðåìåííàÿ S.

Äàëåå ïðèâåä¼ì ñèíòàêñèñ â ôîðìå Áýêóñà � Íàóðà:

a ::= n | x | a1 + a2 | a1 ∗ a2 | a1 − a2

b ::= true | false | a1 = a2 | a1 ≤ a2 | ¬b | b1 ∧ b2

S ::= x := a | skip | S1 ; S2 | if b1 then S1 else S2

| while b do S
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2.2 Ïðèìåðû ïðàâèë

Ïðèâåä¼ì ïðàâèëà îïåðàöèîííîé ñåìàíòèêè áîëüøîãî øàãà:

ass (�:=�) 〈x := a, s〉 → s[x 7→ a]

seq (�;�)
〈p1, s0〉 → s1 〈p2, s1〉 → s2

〈p1; p2, s0〉 → s2
skip 〈skip, s〉 → s

if 1. s0[b] = true⇒
〈p1, s0〉 → s1

〈if b then p1 else p2, s0〉 → s1

2. s0[b] = true⇒
〈p2, s0〉 → s2

〈if b then p1 else p2, s0〉 → s2
while 1. s0[b] = true⇒

〈p, s0〉 → s1 〈while b do p, s1〉 → s2

〈while b do p, s0〉 → s2
2. s0[b] = false⇒ 〈while b do p, s0〉 → s0

Çäåñü ass, skip, while-� � ýëåìåíòàðíûå ïðàâèëà, íå òðåáóþùèå ïðåä-
ïîñûëîê, îñòàëüíûå � ñîñòàâíûå.

Òàêèì îáðàçîì, êàæäîé ïðîãðàììå ñîîòâåòñòâóåò ñåìàíòè÷åñêîå äå-

ðåâî, ëèñòüÿ êîòîðîãî � ïðèìåíåíèÿ ýëåìåíòàðíûõ ïðàâèë, à âåòâè �
ïîñûëêè ê ñîñòàâíûì.

Êðîìå îïåðàöèîííîé ñåìàíòèêè áîëüøîãî øàãà (îíà æå íàòóðàëüíàÿ

ñåìàíòèêà) ñóùåñòâóåò ïîíÿòèå îïåðàöèîííîé ñåìàíòèêè ìàëîãî øàãà,
èëè ñòðóêòóðíîé. Â ýòîé ñåìàíòèêå ïåðåõîäàì ìåæäó ñîñòîÿíèÿìè ðàç-
ðåøåíî èìåòü îñòàòî÷íóþ ïðîãðàììó, çà ñ÷¼ò ÷åãî óïðîùàþòñÿ ïðàâèëà
è èñ÷åçàþò ïðàâèëà ñ äâóìÿ ïîñûëêàìè.

ass (�:=�) 〈x := a, s〉 → s[x 7→ a]

seq (�;�) 1.
〈p1, s0〉 → s1

〈p1; p2, s0〉 → s1
p2

2.
〈p1, s0〉 → s1

p′1

〈p1; p2, s0〉 → s1
p′1;p2

skip 〈skip, s〉 → s
if 1. s[b] = true⇒ 〈if b then p1 else p2, s〉 → sp1

2. s[b] = false⇒ 〈if b then p1 else p2, s〉 → sp2

while 〈while b do p, s〉 → s
if b then (p ; while b do p) else skip

Â ñåìàíòèêå ìàëîãî øàãà â êàæäîé âåðøèíå ñåìàíòè÷åñêîãî äåðåâà
ñêðûò ñïèñîê îñòàòî÷íûõ ïðîãðàìì, à ñàìî äåðåâî âûðîæäåíî â ñïèñîê;
íîâûå óçëû ýòîãî äåðåâà ïîÿâëÿþòñÿ òîëüêî áëàãîäàðÿ ïðàâèëàì seq. Â
íåêîòîðîì ñìûñëå òàêîå ïðåäñòàâëåíèå ïðîãðàììû áîëåå ñòðóêòóðèðî-
âàíî, îòñþäà è âòîðîå íàçâàíèå ýòîé ñåìàíòèêè.
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Îò íàòóðàëüíîé ñåìàíòèêè ìîæíî ïåðåéòè ê ñòðóêòóðíîé, ïðîèãíî-
ðèðîâàâ âî âñåõ ïðàâèëàõ îñòàòî÷íóþ ïðîãðàììó. Â îáðàòíóþ ñòîðîíó
ýòî òàêæå âåðíî. Â êíèãå [4] äîêàçàíî, ÷òî îïåðàöèîííûå ñåìàíòèêè áîëü-
øîãî è ìàëîãî øàãîâ äëÿ ÿçûêà While ýêâèâàëåíòíû.
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3 Ðåàëèçàöèÿ èíòåðïðåòàòîðà îïåðàöèîííîé
ñåìàíòèêè

Ðàññìîòðèì ïîýòàïíî îïèñàíèå ÿçûêà While íà Agda.

3.1 Ñèíòàêñèñ ÿçûêà While

Àáñòðàêòíûé ñèíòàêñèñ ÿçûêà îïðåäåëÿåòñÿ ñ ïîìîùüþ íåñêîëüêèõ ïðî-
ñòûõ àëãåáðàè÷åñêèõ òèïîâ äàííûõ áåç ïàðàìåòðîâ. Èñõîäíûé òåêñò ÿâ-
ëÿåòñÿ ôàêòè÷åñêè òðàíñëÿöèåé çàïèñè Áýêóñà � Íàóðà â Agda.

Â ïåðâóþ î÷åðåäü, îïðåäåëèì òèïû äàííûõ äëÿ àëãåáðàè÷åñêèõ è
ëîãè÷åñêèõ âûðàæåíèé.

data Aexp : Set where

const : N -> Aexp

var : V -> Aexp

plus : Aexp -> Aexp -> Aexp

minus : Aexp -> Aexp -> Aexp

star : Aexp -> Aexp -> Aexp

Çäåñü èñïîëüçîâàí òèï V; ïðåäïîëàãàåòñÿ, ÷òî îí îïðåäåë¼í çàðàíåå.
Íàïðèìåð, ýòî ìîæåò áûòü ñèíîíèì äëÿ òèïà ñòðîê: V = String.

data Bexp : Set where

const : Bool -> Bexp

conj : Bexp -> Bexp -> Bexp

neg : Bexp -> Bexp

lt : Aexp -> Aexp -> Bexp

eq : Aexp -> Aexp -> Bexp

Çàòåì îïðåäåëèì òèï îïåðàòîðîâ ÿçûêà:

data Stm : Set where

skip : Stm

comp : Stm -> Stm -> Stm

assign : V -> Aexp -> Stm

while : Bexp -> Stm -> Stm

branch : Bexp -> Stm -> Stm -> Stm

3.2 Ñåìàíòèêà ÿçûêà While

Äëÿ çàäàíèÿ ïðàâèë ñåìàíòèê íàì ïîíàäîáÿòñÿ íåêîòîðûå ñåìàíòè÷å-
ñêèå îïåðàöèè âðîäå ïðèñâàâèâàíèÿ çíà÷åíèÿ ïåðåìåííîé èëè âû÷èñëå-
íèÿ àðèôìåòè÷åñêîãî âûðàæåíèÿ.

Íå áóäåì ïðèâîäèòü èõ îïðåäåëåíèÿ, íî óêàæåì òèïû:

_|>_ : Binding -> State -> State óñòàíîâêà çíà÷åíèÿ ïåðåìåííîé
_<|_ : State -> V -> N ïîëó÷åíèå çíà÷åíèÿ ïåðåìåííîé
_[[_]] : State -> Aexp -> N âû÷èñëåíèå âûðàæåíèÿ
_<<_>> : State -> Bexp -> Bool âû÷èñëåíèå âûðàæåíèÿ
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Çäåñü State � òèï ñîñòîÿíèé âû÷èñëåíèÿ, îïðåäåë¼ííûé êàê ñïèñîê
ïåðåìåííûõ âìåñòå ñ èõ çíà÷åíèÿìè:

record Binding : Set where

constructor _,_

field

key : V

value : N

State = List Binding

Ïðàâèëà îïåðàöèîííîé ñåìàíòèêè ìû çàäàäèì ñ ïîìîùüþ çàâèñèìîãî
òèïà Transition. Çíà÷åíèå ýòîãî òèïà ÿâëÿåòñÿ ñåìàíòè÷åñêèì äåðåâîì
íåêîòîðîé ïðîãðàììû è îäíîâðåìåííî ÿâëÿåòñÿ äîêàçàòåëüñòâîì òîãî,
÷òî ïðîãðàììà ïåðåâîäèò îäíî ñîñòîÿíèå â äðóãîå, ò.å. çàâåðøàåò ñâîþ
ðàáîòó â íåêîòîðîì ñîñòîÿíèè ïðè çàäàííîì íà÷àëüíîì ñîñòîÿíèè. Êîí-
ñòðóêòîðû Transition êîäèðóþò ìåòêè âåðøèí ñåìàíòè÷åñêîãî äåðåâà.

Âîñïîëüçóåìñÿ ïðè¼ìîì, îïèñàííûì âûøå, è îïðåäåëèì íóæíûé íàì
òèï êàê ïðåäñòàâëåíèå, òîãäà ìû ñìîæåì ïîëó÷àòü èíôîðìàöèþ î âèäå
ïîñûëîê ïðàâèëà ïðè ñîïîñòàâëåíèè ýòîãî ïðàâèëà ñ îáðàçöîì.

Ñèãíàòóðà òèïà (äëÿ íàòóðàëüíîé ñåìàíòèêè) âûãëÿäèò ñëåäóþùèì
îáðàçîì:

Transition (s1 : State) : Stm -> State -> Set

Ïàðàìåòð s1 ôèêñèðîâàí äëÿ âñåãî òèïà â öåëîì, ÷òî îçíà÷àåò, ÷òî
íà÷àëüíîå ñîñòîÿíèå äëÿ ïðîãðàììû çàäà¼òñÿ èçâíå è íå çàâèñèò îò
ñàìîé ïðîãðàììû. Îñòàëüíûå ïàðàìåòðû íå ôèêñèðîâàíû: âîçìîæíûå
ïðîãðàììû è ñîñòîÿíèÿ, â êîòîðûõ îíè çàêàí÷èâàþòñÿ, çàâèñÿò îò ìå-
òîê äåðåâà (êîíñòðóêòîðîâ).

Ïðàâèëà áåç ïîñûëîê êîäèðóþòñÿ êàê ñëåäóþùèå êîíñòðóêòîðû:

[skip] : Transition s1 skip s1
[assign] : ∀ {k v}

-> Transition s1 (assign k v) ((k , s1 [[ v ]]) |> s1)

Ïîñêîëüêó ó ýëåìåíòàðíûõ ïðàâèë íåò ïîñûëîê, òî è àðãóìåíòîâ ó ýòèõ
êîíñòðóêòîðîâ íåò.

Îñòàëüíûå êîíñòðóêòîðû:

[comp] : ∀ {s2 s3 p1 p2}
-> Transition s1 p1 s2
-> Transition s2 p2 s3
-> Transition s1 (comp p1 p2) s3

[if-t] : ∀ {s2 b p1 p2} -> T (s1 << b >>)

-> Transition s1 p1 s2
-> Transition s1 (branch b p1 p2) s2

[if-f] : ∀ {s2 b p1 p2} -> T (not (s1 << b >>))

-> Transition s1 p2 s2
-> Transition s1 (branch b p1 p2) s2

[while -t] : ∀ {s2 s3 p} -> (b : B) -> T (s1 << b >>)

-> Transition s1 p s2
-> Transition s2 (while b p) s3
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-> Transition s1 (while b p) s3
[while -f] : ∀ {p} -> (b : B) -> T (not (s1 << b >>))

-> Transition s1 (while b p) s1

Ïðè îïèñàíèè ñòðóêòóðíîé ñåìàíòèêè ïðîãðàììà ìîæåò çàâåðøèòü-
ñÿ ñ îñòàòî÷íîé ïðîãðàììîé. Äëÿ âûðàæåíèÿ ýòîãî ââåä¼ì âñïîìîãàòåëü-
íûé òèï Control äëÿ ñîñòîÿíèé âìåñòå ñ âîçìîæíîé îñòàòî÷íîé ïðîãðàì-
ìîé è çàìåíèì âòîðîé ïàðàìåòð òèïà State â Transition íà ïàðàìåòð
òèïà Control.

Êîä, íåîáõîäèìûé äëÿ îïðåäåëåíèÿ ïðàâèë ñòðóêòóðíîé ñåìàíòèêè:

record Control : Set where

constructor [>_,_<]

field

state : State

program : Maybe S

data Transition (s1 : State) : S -> Control -> Set where

[skip] : Transition s1 skip [> s1 , nothing <]

[assign] : ∀ {k v }

-> Transition s1 (assign k v)

[> (k , s1 [[ v ]]) |> s1 , nothing <]

[comp -j] : ∀ {s2 p1 p2 p3}
-> Transition s1 p1 [> s2 , just p3 <]

-> Transition s1 (comp p1 p2) [> s2 , just (comp p3 p2) <]

[comp -n] : ∀ {s2 p1 p2 }

-> Transition s1 p1 [> s2 , nothing <]

-> Transition s1 (comp p1 p2) [> s2 , just p2 <]

[if-t] : ∀ (b : B) (p1 p2 : S) -> T (s1 << b >> )

-> Transition s1 (branch b p1 p2) [> s1 , just p1 <]

[if-f] : ∀ (b : B) (p1 p2 : S) -> T (not (s1 << b >>))

-> Transition s1 (branch b p1 p2) [> s1 , just p2 <]

[while -t] : ∀ (b : B) (p : S) -> T (s1 << b >> )

-> Transition s1 (while b p) [> s1 , just p <]

[while -f] : ∀ (b : B) (p : S) -> T (not (s1 << b >>))

-> Transition s1 (while b p) [> s1 , nothing <]

Îäíàêî, òåïåðü òèï Transition çàäà¼ò áîëåå �ïîäðîáíîå� îòíîøåíèå,
÷åì íóæíî: îíî îïðåäåëåíî òàêæå íà òåõ çíà÷åíèÿõ Control, ñèìâîëè-
çèðóþùèõ �íåçàâåðø¼ííûå� âû÷èñëåíèÿ, êîòîðûå ñîäåðæàò îñòàòî÷íóþ
ïðîãðàììó. Ïîýòîìó îïðåäåëèì äîïîëíèòåëüíî òðàíçèòèâíîå çàìûêàíèå
ýòîãî îòíîøåíèÿ Transition* äëÿ âûðàæåíèÿ �çàâåðø¼ííûõ� âû÷èñëå-
íèé:

data Transition* (s1 : State) : S -> State -> Set where

cons : ∀ {s2 s3 p1 p2}
-> Transition s1 p1 [> s2 , just p2 <]

-> Transition* s2 p2 s3 -> Transition* s1 p1 s3
base : ∀ {s2 p}

-> Transition s1 p [> s2 , nothing <]

-> Transition* s1 p s2
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Â ñóùíîñòè, Transition* � òèï äëÿ ñïèñêîâ ñåìàíòè÷åñêèõ äåðåâüåâ
òàêèõ, ÷òî ïðîãðàììà êàæäîãî ñëåäóþùåãî äåðåâà ÿâëÿåòñÿ îñòàòî÷íîé
ïðîãðàììîé ïðåäûäóùåãî.

3.3 Èíòåðïðåòàöèÿ ïðîãðàìì

Èíòåðïðåòàòîðîì ïðîãðàììû ìû áóäåì íàçûâàòü ôóíêöèþ
interpret, ñòðîÿùóþ ñåìàíòè÷åñêîå äåðåâî ïî äàííîìó ñî-
ñòîÿíèþ è çàäàííîé ïðîãðàììå. Òèï ýòîé ôóíêöèè äîëæåí
áûòü (s : State) -> (p : Stm) -> Interpretation s p, ãäå
Interpretation � ïàðà, ñîñòîÿùàÿ èç êîíå÷íîãî ñîñòîÿíèÿ è ñå-
ìàíòè÷åñêîãî äåðåâà. Îòäåëüíûé òèï ââåä¼í äëÿ òîãî, ÷òîáû âûðàçèòü
çàâèñèìîñòü ñåìàíòè÷åñêîãî äåðåâà îò êîíå÷íîãî ñîñòîÿíèÿ.

Îïðåäåëåíèÿ Interpretation è interpret:

record Interpretation (s1 : State) (p : Stm)

: Set where

constructor I_ ,_I

field

state : State -- äëÿ ñòðóêòóðíîé ñåìàíòèêè Control

transition : Transition s1 p state

interpret : (s : State) -> (p : S)

-> Interpretation s p

Òàêèå òèïû íàçûâàþò çàâèñèìûìè çàïèñÿìè.
Ñåìàíòè÷åñêîå äåðåâî ìîæåò áûòü áåñêîíå÷íîãî ðàçìåðà èç-çà òàêèõ

ïðàâèë êàê while. Ïîýòîìó ôóíêöèÿ interpret ìîæåò ðàáîòàòü áåñêîíå÷-
íî. Íàïðèìåð, ïðè îáðàáîòêå êîíñòðóêöèè while íåîáõîäèìî ðåêóðñèâíî
âûçûâàòü interpret äëÿ îäíîé è òîé æå ïðîãðàììû, íàðóøàÿ ïðèíöèï
ñòðóêòóðíîé ðåêóðñèè. Ïîýòîìó ìû íå ìîæåì ãàðàíòèðîâàòü çàâåðøà-
åìîñòü interpret.

Â òî æå âðåìÿ Agda ïî óìîë÷àíèþ ïðîèçâîäèò ïðîâåðêó çàâåðøàåìî-
ñòè (termination checking) äëÿ âñåõ ñâîèõ ïðîãðàìì. Ñëåäóåò âûêëþ÷èòü
ýòó ïðîâåðêó äëÿ íàøåãî èíòåðïðåòàòîðà.

Ïðè ýòîì, interpret äëÿ ñòðóêòóðíîé ñåìàíòèêè âñåãäà çàâåðøàåòñÿ,
ò.ê. âû÷èñëÿåò òîëüêî îäèí �øàã� ïðîãðàììû, à îñòàëüíóþ ÷àñòü âûäà-
¼ò â êà÷åñòâå îñòàòî÷íîé ïðîãðàììû. Íåîáõîäèìî, ðåàëèçîâàòü òàêæå
interpret* äëÿ âû÷èñëåíèÿ çàìûêàíèÿ Transition*. Äëÿ ýòîé ôóíê-
öèè óæå íå ãàðàíòèðîâàíà çàâåðøàåìîñòü, îäíàêî â îòëè÷èå îò ñåìàíòè-
êè áîëüøîãî øàãà ìû òåïåðü ðàçäåëèëè èíòåðïðåòàòîð íà äâå ÷àñòè ïî
ïðèçíàêó çàâåðøàåìîñòè.

×òî êàñàåòñÿ ðåàëèçàöèè interpret, òî ñóùåñòâóåò âîçìîæíîñòü âû-
ïîëíèòü å¼ èíòåðàêòèâíî, èñïîëüçóÿ ìåõàíèçìû ðàçäåëåíèÿ ïî ñëó÷àÿì
(case split) è ïîèñêà çíà÷åíèé òèïà.

14



Ýòè ìåõàíèçìû ïîçâîëÿþò â ïîëó-àâòîìàòè÷åñêîì ðåæèìå ðàçâèòü íåçà-
âåðø¼ííîå óðàâíåíèå ôóíêöèè:

interpret : (s : State) -> (p : S) -> Interpretation s p

interpret s p = {!!} -- {!!} �- öåëü äîêàçàòåëüñòâà

â ñëåäóþùèé êîä:

interpret : (s : State) -> (p : S) -> Interpretation s p

interpret s1 (skip) = I s1 , [skip] I

interpret s1 (assign k v)

= I (k , (s1 [[ v ]])) |> s1 , [assign] I

interpret s1 (comp p1 p2) with interpret s1 p1
... | I s2 , tr1 I with interpret s2 p2
... | I s3 , tr2 I = I s3 , [comp] tr1 tr2 I

interpret s1 (branch b p1 p2) with s1 << b >>

| inspect (_<<_>> s1) b

| interpret s1 p1
| interpret s1 p2
... | true | Reveal_is_ .[_] e | I s2 , tr1 I | I s2 , tr2 I

= I s2 , [if-t] (trueIsTrue e) tr1 I

... | false | Reveal_is_ .[_] e | I s2 , tr1 I | I s2 , tr2 I

= I s2 , [if-f] (falseIsNotTrue e) tr2 I

interpret s1 (while b p) with s1 << b >>

| inspect (_<<_>> s1) b

... | false | Reveal_is_ .[_] e

= I s1 , [while -f] b (falseIsNotTrue e) I

... | true | Reveal_is_ .[_] e with interpret s1 p

... | I s2 , tr1 I with interpret s2 (while b p)

... | I s3 , tr2 I = I s3 , [while -t] b (trueIsTrue e) tr1 tr2 I

Îäíàêî, ê ñîæàëåíèþ, ýòè ìåõàíèçìû íå íàñòîëüêî çðåëû, ÷òîáû ïîë-
íîñòüþ àâòîìàòèçèðîâàòü ðåàëèçàöèþ. Ïîýòîìó ïðèõîäèòñÿ íåêîòîðûå
ýëåìåíòû ðåàëèçîâûâàòü âðó÷íóþ. Çäåñü ââåäåí íå-àâòîìàòè÷åñêè âåñü
èñõîäíûé òåêñò, íà÷èíàþùèéñÿ êëþ÷åâûì ñëîâîì with èëè ñîäåðæàùèé
êîíñòðóêòîð Reveal_is_.[_].

Â áóäóùåì îæèäàåòñÿ, ÷òî â Agda ïîÿâèòñÿ âîçìîæíîñòü àâòîìàòè÷å-
ñêè ââîäèòü with-âûðàæåíèÿ. Êàê àëüòåðíàòèâà, âîçìîæíî ïðèìåíåíèå
ñïåöèàëüíûõ ýëèìèíèðóþùèõ ôóíêöèé âìåñòî with-âûðàæåíèé.

3.4 Äîêàçàòåëüñòâî ñâîéñòâ

Êàê ïðèìåð óòâåðæäåíèé î ñåìàíòèêå ÿçûêà, êîòîðûå ìîæíî ôîðìóëè-
ðîâàòü è äîêàçûâàòü ñ ïîìîùüþ ïîñòðîåííîãî îïèñàíèÿ, ïðèâåä¼ì äî-
êàçàííûé â [4] ôàêò îá ýêâèâàëåíòíîñòè ñåìàíòèê áîëüøîãî è ìàëîãî
øàãîâ While.

Äëÿ èçáåæàíèÿ êîíôëèêòà èì¼í, ïåðåèìåíóåì Transition â
Transition-NS è Transition-SS äëÿ íàòóðàëüíîé è ñòðóêòóðíîé ñåìàí-
òèê ñîîòâåòñòâåííî. Òðàíçèòèâíîå çàìûêàíèå Transition* äëÿ ñòðóê-
òóðíîé ñåìàíòèêè ïåðåèìåíóåì â Transition-SS*.
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Çàïèøåì óòâåðæäåíèå îá ýêâèâàëåíòíîñòè â âèäå ñèãíàòóðû ôóíêöèè:

ss=ns : (s : State) -> (p : S) -> ∀ {s-ss s-ns}

-> (tr -ss : Transition -SS* s p s-ss)

-> (tr -ns : Transition -NS s p s-ns)

-> s-ss ≡ s-ns

Ðàñøèôðîâàòü òèï ýòîé ôóíêöèè ìîæíî ñëåäóþùèì îáðàçîì: äëÿ
ëþáûõ çàäàííûõ ñîñòîÿíèé s, s-ss, s-ns è ïðîãðàììå p, åñëè åñòü ñåìàí-
òè÷åñêèå äåðåâüÿ p ñ íà÷àëüíûì ñîñòîÿíèåì s è êîíå÷íûìè ñîñòîÿíèÿìè
s-ns è s-ss äëÿ íàòóðàëüíîé è ñòðóêòóðíîé ñåìàíòèê ñîîòâåòñòâåííî,
òî ýòè ñîñòîÿíèÿ s-ns è s-ss ðàâíû.

Ïðèâåä¼ì äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ äëÿ áàçîâîãî ñëó÷àÿ,
êîãäà ïîñëå èíòåðïðåòàöèè â ñòðóêòóðíîé ñåìàíòèêå îòñóòñòâóåò îñòà-
òî÷íàÿ ïðîãðàììà:

ss=ns -base : (s : State) -> (p : S) -> ∀ {s-ss s-ns}

-> (tr -ss : Transition -SS s p [> s-ss , nothing <])

-> (tr -ns : Transition -NS s p s-ns)

-> s-ss ≡ s-ns

ss=ns -base .s-ns .skip {.s-ns} {s-ns}

[skip] [skip] = refl

ss=ns -base s .( assign k v)

([ assign] {k} {v}) [assign] = refl

ss=ns -base .s-ns .( while b p) {.s-ns} {s-ns}

([while -f] b p x) ([while -f] .b x1) = refl

Ñòîèò çàìåòèòü, ÷òî âî âñåõ óðàâíåíèÿõ îïðåäåëåíèÿ äîñòàòî÷íî îä-
íîãî òîëüêî refl (ñâîéñòâî ðåôëåêñèâíîñòè ðàâåíñòâà) â êà÷åñòâå ïðà-
âûõ ÷àñòåé. Îäíàêî íàäî ïðàâèëüíûì îáðàçîì ñîñòàâèòü ëåâûå ÷àñòè,
÷òîáû òèïèçàòîð Agda ìîã óáåäèòüñÿ â êîððåêòíîñòè.

Ðàçðàáîòêà äîêàçàòåëüñòâà ïðîèçâîäèëàñü ñ èñïîëüçîâàíèåì òåõ æå
ñðåäñòâ èíòåðàêòèâíîãî äîêàçàòåëüñòâà, ÷òî è ïîñòðîåíèå èíòåðïðåòàòî-
ðà.
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Çàêëþ÷åíèå

Â õîäå ðàáîòû ñòàëî ÿñíî, ÷òî proof assistants âïîëíå ïðèìåíèìû äëÿ
îïèñàíèÿ îïåðàöèîííûõ ñåìàíòèê. Óäàëîñü çàäàòü íåñêîëüêî ñåìàíòèê
äëÿ òåñòîâîãî ÿçûêà è ïîñòðîèòü äëÿ íèõ èíòåðïðåòàòîðû âìåñòå ñ ÷à-
ñòè÷íûì äîêàçàòåëüñòâîì èõ ýêâèâàëåíòíîñòè äëÿ äàííîãî ÿçûêà.

Ïîëó÷èëîñü âûïîëíèòü ðàçðàáîòêó èíòåðàêòèâíî ñ èñïîëüçîâàíèåì
âñòðîåííûõ â Agda ñðåäñòâ: ðàçäåëåíèÿ ïî ñëó÷àÿì è àâòîìàòè÷åñêîãî
ïîèñêà ðåøåíèé. Îäíàêî ïîëíîñòüþ àâòîìàòè÷åñêè ïðîâåñòè ïîñòðîå-
íèå íå óäàëîñü. Ïëàíèðóåòñÿ â äàëüíåéøåì îïðîáîâàòü äðóãèå ñðåäñòâà,
ïðåäîñòàâëÿåìûå proof assistants, äëÿ äîñòèæåíèÿ ýòîé öåëè: òàêòèêè,
ðåôëåêñèþ è ïðî÷åå.
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