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Ïëàí ëåêöèè

Ëèíåéíûå

ôèëüòðû:

îñíîâíûå

îïðåäåëåíèÿ
Èìïóëüñíàÿ õàðàêòåðèñòèêà



Ñèñòåìû îáðàáîòêè ñèãíàëîâ

Îáùèé âèä x(n), y(n) - ïîñëåäîâàòåëüíîñòè, n ∈ N

Äèñêðåòèçàöèÿ
ñèãíàëà x [n] = xa(nT ), −∞ < n <∞.

Äèñêðåòèçàöèÿ
äâóìåðíîãî

ñèãíàëà
I [i , j ] = Ia(iSi , jSj), −∞ < i , j <∞.



Ëèíåéíàÿ ñòàöèîíàðíàÿ ñèñòåìà

Îïðåäåëåíèå

1) T{ax1[n] + bx2[n]} = aT{x1[n]}+ bT{x2[n]}.

2) T{x [n]} = y [n] =⇒ T{x [n − k]} = y [n − k].

∀k T (xk [n]) = yk [n] =⇒ T (
∑
k

akxk [n]) =
∑

akyk [n]

Îïðåäåëèòå ëèíåéíóþ ñèñòåìó äëÿ èçîáðàæåíèé -

ñàìîñòîÿòåëüíî



Åäèíè÷íîå âîçìóùåíèå

δ[n] =

{
0, ïðè n 6= 0,

1, n = 0.
(1)

x [n] =
∞∑

k=−∞
x [k]δ[n − k].

Îáðàáîòêà
èçîáðàæåíèé:
áåëàÿ òî÷êà

Iδ[i , j ] =

{
0, ïðè i 6= 0 èëè j 6= 0,

1, i = j = 0.
(2)



Èìïóëüñíàÿ õàðàêòåðèñòèêà h[n]

Îïðåäåëåíèå Èìïóëüñíàÿ õàðàêòåðèñòèêà - ðåàêöèÿ ñèñòåìû íà

åäèíè÷íûé èìïóëüñ:

h[n] = T (δ[n])

Ïðèìåð
y [n] = x [n] =⇒

h[n] = δ[n].

y [n] = x [n − 1]− x [n − 2] =⇒

h[n] = δ[n − 1]− δ[n − 2].



Èìïóëüñíàÿ õàðàêòåðèñòèêà h[n]

Îïðåäåëåíèå Èìïóëüñíàÿ õàðàêòåðèñòèêà - ðåàêöèÿ ñèñòåìû íà

åäèíè÷íûé èìïóëüñ:

h[n] = T (δ[n])

Ïðèìåð
y [n] = x [n] =⇒

h[n] = δ[n].

y [n] = x [n − 1]− x [n − 2] =⇒

h[n] = δ[n − 1]− δ[n − 2].



Èìïóëüñíàÿ õàðàêòåðèñòèêà h[n]

Îïðåäåëåíèå Èìïóëüñíàÿ õàðàêòåðèñòèêà - ðåàêöèÿ ñèñòåìû íà

åäèíè÷íûé èìïóëüñ:

h[n] = T (δ[n])

Ïðèìåð
y [n] = x [n] =⇒

h[n] = δ[n].

y [n] = x [n − 1]− x [n − 2] =⇒

h[n] = δ[n − 1]− δ[n − 2].



Èìïóëüñíàÿ õàðàêòåðèñòèêà h[n]

Îïðåäåëåíèå Èìïóëüñíàÿ õàðàêòåðèñòèêà - ðåàêöèÿ ñèñòåìû íà

åäèíè÷íûé èìïóëüñ:

h[n] = T (δ[n])

Ïðèìåð
y [n] = x [n] =⇒

h[n] = δ[n].

y [n] = x [n − 1]− x [n − 2] =⇒

h[n] = δ[n − 1]− δ[n − 2].



Èìïóëüñíàÿ õàðàêòåðèñòèêà h[n]

Îïðåäåëåíèå Èìïóëüñíàÿ õàðàêòåðèñòèêà - ðåàêöèÿ ñèñòåìû íà

åäèíè÷íûé èìïóëüñ:

h[n] = T (δ[n])

Ïðèìåð
y [n] = x [n] =⇒

h[n] = δ[n].

y [n] = x [n − 1]− x [n − 2] =⇒

h[n] = δ[n − 1]− δ[n − 2].



Èìïóëüñíàÿ õàðàêòåðèñòèêà h[n]

Îïðåäåëåíèå Èìïóëüñíàÿ õàðàêòåðèñòèêà - ðåàêöèÿ ñèñòåìû íà

åäèíè÷íûé èìïóëüñ:

h[n] = T (δ[n])

Ïðèìåð
y [n] = x [n] =⇒

h[n] = δ[n].

y [n] = x [n − 1]− x [n − 2] =⇒

h[n] = δ[n − 1]− δ[n − 2].



Ôóíêöèÿ ðàçìûòèÿ òî÷êè

ÔÐÒ - èìïóëüñíàÿ õàðàêòåðèñòèêà äëÿ äâóìåðíîãî

ñèãíàëà (ðåàêöèÿ íà áåëóþ òî÷êó)



Ôèëüòð êàê ñâåðòêà ñ èìïóëüñíîé
õàðàêòåðèñòèêîé

Âõîäíîé ñèãíàë êàê ñâåðòêà ñ δ:

x [n] =
∞∑

k=−∞
x [k]δ[n − k]

Äëÿ ëèíåéíîé ñòàöèîíàðíîé ñèñòåìû:

y [n] = T{x [n]} =
∞∑

k=−∞
x [k]h[n − k] = x [n] ∗ h[n].



Ôèëüòð êàê ñâåðòêà ñ èìïóëüñíîé
õàðàêòåðèñòèêîé äëÿ èçîáðàæåíèÿ

Ðàññìîòðèì ëèíåéíóþ ìîäåëü îïòè÷åñêîé ñèñòåìû

Ii [i , j ] - èäåàëüíîå èçîáðàæåíèå
Ib[i , j ] - ñìàçàííîå èçîáðàæåíèå
B[i , j ] - ÿäðî ñìàçà, òî åñòü ôóíêöèÿ ðàçìûòèÿ òî÷êè

îïòè÷åñêîé ñèñòåìîé

Ib[u, v ] = Ii ∗ B =
∞∑

i=−∞

∞∑
j=−∞

Ii [i , j ]B[u − i , v − j ]



Ãàðìîíè÷åñêèé ñèãíàë

e jωn = cos(ωn) + jsin(ωn)

Ïóñòü ω = 2π
N , òîãäà N - ïåðèîä, ω - ÷àñòîòà

Èçîáðàæåíèÿ
e j(ωxu+ωyv) = (cos(ωxu) + jsin(ωxu))×

×(cos(ωyv) + jsin(ωyv)) = . . .

Êàêîé îòâåò?



Àìïëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà

Ïîäàäèì íà âõîä ñèñòåìû ãàðìîíè÷åñêèé ñèãíàë

e jωn. Ïîëó÷èì:

y [n] =
∞∑

k=−∞
h[k]e jω(n−k) = e jωn(

∞∑
k=−∞

h[k]e−jωk).

Îïðåäåëåíèå Àìïëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà:

H(e jω) =
∞∑

k=−∞
h[k]e−jωk .

Îòñþäà:

y [n] = H(e jω)e jωn.



Ñâîéñòâà À×Õ

1

H(e j(ω+2πr)) = H(e jω), r ∈ Z.

2

|H(e jω)| = |
∞∑

k=−∞
h[k]e−jωk | ≤

∞∑
k=−∞

|h[k]|,

∞∑
k=−∞

|h[k]| <∞ =⇒ |H(e jω)| <∞.



Ïåðâîå ñâîéñòâî À×Õ: êðàòíûå ÷àñòîòû

H(e j(ω+2πr)) = H(e jω)

Íàïðèìåð,

H(e j
2π
8 ) = H(e j

2π
8
+2π)

Ïåðåõîä îò
n = 0 ê n = 1

sin(2π
8
n) - 1

8
÷àñòü ïåðèîäà

sin(18π
8
n) - 11

8
÷àñòü ïåðèîäà

Íåîòëè÷èìîñòü
÷àñòîòû äëÿ
äèñêðåòíîé

ãàðìîíè÷åñêîé
ôóíêöèè

sin( 2π
8T t) 6= sin(18π

8T t) ïðè t ∈ R, íî
sin( 2π

8T nT ) = sin(18π
8T nT ) ïðè n ∈ Z.



Ïðåîáðàçîâàíèå Ôóðüå

Ïðåîáðàçîâàíèå
Ôóðüå ñèãíàëà

- òî æå, ÷òî
À×Õ ôèëüòðà

Ïðåîáðàçîâàíèå Ôóðüå ñèãíàëà x [n] - ôóíêöèÿ
X (e jω) íåïðåðûâíîé ïåðåìåííîé ω:

X (e jω) =
∞∑

n=−∞
x [n]e−jωn

Ïîëó÷àåòñÿ òîæå:

X (e j(ω+π)) = X (e jω)

Ñâîéñòâî 1. Äëÿ x [n] ∈ R,

|X (e−jω)| = |X (e jω)|

(Î÷åâèäíî)

Îòñþäà, ∀ω∃ω′ ∈ (0, π) : |X (e jω)| = |X (e jω
′
)|.



Íàëîæåíèå ÷àñòîò ïðè äèñêðåòèçàöèè
Ïóñòü åñòü íåïðåðûâíûé ñèãíàë è åãî ÏÔ X (e−jω),
îïðåäåëÿåìîå ïî àíàëîãèè

X (jω) =

∫ ∞
−∞

x(t)e−jωtdt

Ïóñòü îí äèñêðåòèçèðîâàí ñ øàãîì T (÷àñòîòà

äèñêðåòèçàöèè ωT = 2π
T ):

x [n] = x(Tn)

Òîãäà íåïðåðûâíîé ÷àñòîòå ω ñîîòâåòñòâóåò

äèñêðåòíàÿ ÷àñòîòà ω
T :

X (e jω) =
∞∑

n=−∞
x [n]e−jωn =

=
∞∑

n=−∞
x(Tn)e−jωn ≈

∫ ∞
−∞

x(t)e−j
ω
T
tdt



Íàëîæåíèå ÷àñòîò ïðè äèñêðåòèçàöèè (2)

Èòàê, äèñêðåòíàÿ ÷àñòîòà ω ýòî íåïðåðûâíàÿ ω
T

Âñïîìíèì, ÷òî äëÿ x [n] ∈ R ∀ω∃ω′ ∈ (0, π) :
|X (e jω)| = |X (e jω

′
)|. Òîãäà ïîëó÷àåòñÿ, ÷òî äëÿ

íåêîòîðîé íåïðåðûâíîé ÷àñòîòû ωc = ωx
T > π

T , åå

äèñêðåòíûé ýêâèâàëåíò ωx > π è ïîýòîìó ñîâïàäàåò

ñ äèñêðåòíûì ýêâèâàëåíòîì

ω′c =
ωx − π

T
.

Åñëè æå åñòü ãàðàíòèÿ, ÷òî ïðè ωc >
π
T X (jωc) = 0,

òî íàëîæåíèÿ ÷àñòîò íå ïðîèñõîäèò.



Íàëîæåíèå ÷àñòîò â îáðàáîòêå
èçîáðàæåíèé: ýôôåêò ìóàðà

Äëÿ
èçîáðàæåíèé,

ìîæíî ïðåäñòàâèòü ñåáå ÷àñòîòó, ïåðèîä êîòîðîé

ìåíüøå ðàçìåðà ïèêñåëÿ.

×òî áóäåò, åñëè ïîëó÷èòü òàêóþ ÷àñòîòó íà ìàòðèöå êàìåðû è

äèñêðåòèçèðîâàòü â òî÷êàõ öåíòðîâ ïèêñåëåé?

Ïîäîáíûé
ýôôåêò

äîñòèãàåòñÿ ïðè óìåíüøåíèè ðàçðåøåíèÿ

èçîáðàæåíèé.

Äëÿ åãî
ïðåäîòâðàùåíèÿ

èñïîëüçóþò ôèëüòð íèæíèõ ÷àñòîò.

Â êàìåðå, óñðåäíåíèå ñâåòà ïî ïëîùàäè ïèêñåëÿ èãðàåò ðîëü

òàêîãî ôèëüòðà.



Òåîðåìà î
ñâåðòêå

Ïðåîáðàçîâàíèå Ôóðüå îò ñâåðòêè x [n] ∗ h[n] åñòü
ïðîèçâåäåíèå ïðåîáðàçîâàíèé Ôóðüå îò

ñâîðà÷èâàåìûõ ñèãíàëîâ X (e jω)H(e jω).

Èäåÿ
äîêàçàòåëüñòâà e jωn → H(e jω)e jωn

1

2π

∫ π

−π
X (e jω)e jωndω → 1

2π

∫ π

−π
H(e jω)X (e jω)e jωndω

Y (e jω) = X (e jω)H(e jω)



Ïðåîáðàçîâàíèå Ôóðüå: âàðèàíòû

Ïðÿìîå:

X (e jω) =
∞∑

n=−∞
x [n]e−jωn

Îáðàòíîå:

x [k] =

∫ π

−π
X (e jω)e jωkdω

Äèñêðåòíîå
ðàçìåðíîñòè

N :
X (e j

2πk
N ) =

∞∑
n=−∞

x [n]e−j
2πk
N

n

Äëÿ ñèãíàëà äëèíû N, çàïèøèòå îáðàòíîå
äèñêðåòíîå ðàçìåðíîñòè N.


	 :  
	 


