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Ìîäåëü ëèíåéíîé ýâîëþöèè

xn = Anxn−1 + wn

xn - âåêòîð ñîñòîÿíèÿ ñèñòåìû, n - ìîìåíò âðåìåíè,

wn ∈ N(0,Σw ) - ãàóññîâñêèé âåêòîð ïîìåõè

ñòîñòîÿíèÿ

Ïðèìåð Äâèæåíèå òî÷êè ñ êîîðäèíàòàìè (i , j) ñ ïîñòîÿííîé
ñêîðîñòüþ (vi , vj):

xn = (i , j , vi , vj)
T , An =


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1


Ìîäåëü íàáëþäåíèÿ

zn = Hnxn + vn,

zn - âåêòîð íàáëþäåíèé (èçìåðåíèé), vn ∈ N(0,Σv ) -
ãàóññîâñêèé âåêòîð ïîìåõè íàáëþäåíèÿ, ó íàñ

zn = xn + vn



Îñíîâíûå ïîíÿòèÿ

Íàáëþäàåìîñòü - ìîæíî ëè ïî íàáëþäåíèÿì

âîññòàíîâèòü ñîñòîÿíèÿ?

Íàáëþäàåìîñòü ýêâèâàëåíòíà

rank (H,HA,H2xA, . . . ,Hq−1A)T = q, ãäå q -

ðàçìåðíîñòü ñîñòîÿíèÿ.



Ôèëüòð Êàëìàíà

Îáîçíà÷èì Pn|k = cov(xn|k , xn|k) Ýêñòðàïîëÿöèÿ:

x̂n|n−1 = Anx̂n−1|n−1, Pn|n−1 = AnPn−1|n−1A
T
n + Σw

Êîððåêöèÿ:

yn = zn − Hnx̂n|n−1, Sn = HnPn|n−1H
T
n + Σv ,

Kn = Pn|n−1H
T
n S−1n

x̂n|n = x̂n|n−1 + Knyn

Pn|n = (I − KnHn)Pn|n−1

Íà÷àëüíûå äàííûå: x̂0 - íà÷àëüíîå ïðèáëèæåíèå,

òðàêòóåìîå êàê ñëó÷àéíàÿ âåëè÷èíà, P0|0 -

êîâàðèàöèÿ îøèáêè íà÷àëüíîãî ïðèáëèæåíèÿ



Îñíîâíîé èñòî÷íèê

Simon Prince. Computer Vision Models, Learning, and

Inference. 2012



Ìàðêîâñêîå ñëó÷àéíîå ïîëå

Îïðåäåëåíèå Ìàðêîâñêîå ñëó÷àéíîå ïîëå (MRF) - òðîéêà:

ìíîæåñòâî ïîçèöèé (íàïð., ïèêñåëåé)

S = {1 . . .N}

ìíîæåñòâî ñëó÷àéíûõ âåëè÷èí wn, ïî îäíîìó äëÿ

êàæäîé ïîçèöèè

{wn}Nn=1

ìíîæåñòâà ñîñåäåé {Nn}Nn=1
äëÿ êàæäîé ïîçèöèè

m ∈ Nn ⇔ (m, n) ∈ C

Îñíîâíîå ñâîéñòâî:

P(wn|wS\n) = P(wn|wNn)



Íàáëþäåíèÿ è ïàðàìåòðû

Ïóñòü â ìàðêîâñêîì ñëó÷àéíîì ïîëå ê êàæäîé

ïîçèöèè ïðèâÿçàí íåèçâåñòíûé ñëó÷àéíûé ïàðàìåòð

wn è íàáëþäåíèå xn .

Íàïðèìåð, wn - èñòèííîå çíà÷åíèå ïèêñåëÿ, xn -

íàáëþäàåìîå çíà÷åíèå, èñêàæåííîå øóìîì.



Ôîðìóëà Áàéåñà

Îáîçíà÷èì w - âåêòîð ïàðàìåòðîâ, x - âåêòîð

íàáëþäåíèé.

Ôîðìóëà Áàéåñà:

P(w|x) =
P(x|w)P(w)

P(x)

Ïðè ýòîì,

argmaxwP(w|x) = argmaxwP(x|w)P(w)



Áàéåñîâñêèé ïîäõîä ê ìàðêîâñêîìó ïîëþ

Ïîòåíöèàëüíàÿ ôóíêöèÿ φj(·) - âåðîÿòíîñòü
ñîâìåñòíîãî ïîÿâëåíèÿ çíà÷åíèé íà ñâÿçàííûõ

ïîçèöèÿõ ìàðêîâñêîãî ïîëÿ. Ñîïîñòàâèì

ïîòåíöèàëüíóþ ôóíêöèþ êàæäîé ïîçèöèè, ïðè ýòîì

φj(wn) = P(wNn)

Òîãäà àïðèîðíàÿ âåðîÿòíîñòü P(w) ôîðìóëèðóåòñÿ
êàê

P(w) = ΠN
n=1φn(wNn

)

Â òî æå âðåìÿ,

P(x|w) = ΠN
n=1P(xn|wn)



Ïðèìåð ìàðêîâñêîãî ïîëÿ
4 ïèêñåëÿ 1,2,3,4,

C = {(1, 2), (2, 3), (3, 4), (4, 1)}



Ëîãàðèôìèðîâàíèå âåðîÿòíîñòè

Èùåì

ŵ = argmax P(w|x)

Îáîçíà÷èì

Un(wn) = −log P(xn|wn), ψ(wm,wn) = −log P(wm,wn).

argmax P(w|x) = argmax ΠN
n=1{P(xn|wn)}ΠN

n=1φn(wNn
) =

= argmax
N∑

n=1

log P(xn|wn)−
∑

(m,n)∈C

ψ(wm,wn) =

= argmin
N∑

n=1

Un(wn) +
∑

(m,n)∈C

ψ(wm,wn).



Ìèíèìàëüíûé ðàçðåç è ìàêñèìàëüíûé
ïîòîê

Ïóñòü èìååòñÿ íàïðàâëåííûé àöèêëè÷åñêèé

âçâåøåííûé ãðàô. Ïóñòü â íåì âûäåëåíû

âåðøèíà-èñòîê è âåðøèíà-ñòîê. Ðàçðåçîì íàçûâàåòñÿ

íàáîð ðåáåð, ïðè óäàëåíèè êîòîðûõ áîëåå íå

ñóùåñòâóåò ïóòü èç èñòîêà â ñòîê.

Òðàêòóåì âåñ ðåáðà êàê ïðîïóñêíóþ ñïîñîáíîñòü.

Äëÿ êàæäîãî ïóòè èç èñòîêà â ñòîê ïðîïóñêíàÿ

ñïîñîáíîñòü åñòü ìèíèìóì èç ïðîïóñêíûõ

ñïîñîáíîñòåé ðåáåð â ïóòè. Â êàæäîì ïóòè åñòü

ðåáðî, íà êîòîðîì äîñòèãàåòñÿ ìèíèìóì

(íàñûùåííîå).

Ðàçðåçàÿ ïîñëåäîâàòåëüíî íàñûùåííûå ðåáðà,

ïîëó÷èì ðàçðåç ãðàôà. Ðàçðåç áóäåò ìèíèìàëüíûì

ïî ñóììå âåñîâ ðåáåð, â íåãî âõîäÿùèõ.



Ïîèñê ìèíèìóìà

Äëÿ ïðîñòîòû, ñ÷èòàåì wn ðàñïðåäåëåííûì ïî

Áåðíóëëè (ïðèíèìàåò 0 èëè 1 ñ âåðîÿòíîñòÿìè ρ è

1− ρ).
Ïóñòü çàäàí ãðàô G = (V, E). Çàäàäèì ñïåöèàëüíóþ

âåðøèíó - èñòîê è âåðøèíó - ñòîê, à òàêæå N âåðøèí

(ïî ÷èñëó ïîçèöèé).

Ñîåäèíèì ðåáðàìè âåðøèíû m, n åñëè (m, n) ∈ C .
Åñëè îòíîøåíèå ñèììåòðè÷íî, ïîëó÷èì

íåíàïðàâëåííûé ãðàô.

Êàæäîìó ðåáðó - âåñ: äëÿ ðåáåð èç èñòîêà Un(0), äëÿ
ðåáåð â ñòîê Un(1), äëÿ ðåáðà m, n - ψ(m, n).
Íàéäåì ìèíèìàëüíûé ðàçðåç - ýòî è áóäåò ðåøåíèå

çàäà÷è.



Ïðèìåð: óäàëåíèå øóìîâ



Ïðèìåð: óäàëåíèå øóìîâ, ìåòîä
ðàñøèðåíèÿ



Ðåàëüíûå ïðèëîæåíèÿ

Ñòåðåîçðåíèå

Ñåãìåíòàöèÿ (ôîí-ïåðåäíèé ïëàí, èëè ñëîæíåå)

Ðàçíîñòü ñ ôîíîì



3D ãåîìåòðèÿ

x ∈ R3

Åâêëèäîâî ïðåîáðàçîâàíèå - ñîõðàíÿåò ðàññòîÿíèå

ìåæäó âñåìè òî÷êàìè.

Íåòðóäíî ïîëó÷èòü, ÷òî ëþáîå åâêëèäîâî

ïðåîáðàçîâàíèå - ýòî

x ′ = Rx + t,

ãäå R ∈ M3×3 - ìàòðèöà, |detR| = 1, îðòîãîíàëüíàÿ,

t ∈ R3

Ïðè ýòîì, åñëè det R = 1, òî ýòî ìàòðèöà ïîâîðîòà,

èíà÷å - ïîâîðîòà ñ îòðàæåíèåì.



Ïàðàìåòðèçàöèÿ âðàùåíèé

Ôîðìóëà Ðîäðèãà çàäàåò ðåçóëüòàò ïîâîðîòà âåêòîðà

v íà óãîë θ âîêðóã îñè k , ‖k‖ = 1

vrot = vcosθ + (k × v)sinθ + k(k · v)(1− cosθ)

Ïîçâîëÿåò ïîëó÷èòü ïî îñè è óãëó ìàòðèöó ïîâîðîòà

è îáðàòíî

Îñü è óãîë êîäèðóþòñÿ â R3 êàê

θ̂ = kθ ∈ R3



Äðóãèå ïðåîáðàçîâàíèÿ

Àôôèííîå: íàêëîí, ðàñòÿæåíèå

Ïðîåêòèâíîå



Ïðîåêòèâíàÿ êàìåðà ñ åäèíè÷íûì
ôîêóñîì

Íà÷àëî êîîðäèíàò - òî÷êà C , ôîêóñíîå ðàññòîÿíèå
(îò C äî ïëîñêîñòè èçîáðàæåíèÿ) ðàâíî 1 u

v
1

 = λ

 X
Y
Z

 , λ =
1

Z



Ïðîåêòèâíàÿ êàìåðà (2)

Ïèêñåëüíûå êîîðäèíàòû â ïëîñêîñòè èçîáðàæåíèÿ

ñîíàïðàâëåíû ñ îñÿìè CX ,CY . Íà÷àëî îòñ÷åòà

ïèêñåëüíûõ êîîðäèíàò OI , ïðîåêöèÿ C íà ïëîñêîñòü

èçîáðàæåíèÿ (cx , cy ). Ïèêñåëü êâàäðàòíûé è èìååò

ðàçìåð p × p, òîãäà ôîêóñ â ïèêñåëüíûõ åäèíèöàõ

fp = p−1f . Ïóñòü ôîêóñ ðàâåí f . x
y
1

 =

 p−1u + cx
p−1v + cy

1

 =

= λ

 fp 0 cx
0 fp cy
0 0 1

 X
Y
Z





Îäíîðîäíûå êîîðäèíàòû

x ∈ Rn =⇒
(

x

1

)
∈ Rn+1

Îïðåäåëåíèå Îòíîøåíèå ýêâèâàëåíòíîñòè:

∀a, b ∈ Rn+1 : a ≡ b ⇔ ∃k ∈ Rn : a = kb

Ïðîåêòèâíîå ïðîñòðàíñòâî Pn îïðåäåëåÿåòñÿ êàê

ôàêòîð-ìíîæåñòâî

Pn = Rn+1/ ≡

Ïðèìåð  x
y
1

 ∈ P2



Åâêëèäîâî ïðåîáðàçîâàíèå â îäíîðîäíûõ
êîîðäèíàòàõ

x
′ = Rx + t(

x′

1

)
= (R | t)

(
x

1

)
Åñëè êîîðäèíàòû òî÷êè çàäàíû â ãëîáàëüíîé ñèñòåìå

OX0Y0Z0, è åâêëèäîâî ïðåîáðàçîâàíèå îò OX0Y0Z0 ê

CXYZ åñòü R, t, òî

 x
y
1

 ≡
 fp 0 cx

0 fp cy
0 0 1

 (R | t)


X
Y
Z
1





Ìàòðèöà êàìåðû

K =

 fp 0 cx
0 fp cy
0 0 1


P = K (R | t) x
y
1

 ≡ P


X
Y
Z
1


Âíóòðåííÿÿ êàëèáðîâêà êàìåðû: fp, cx , cy , âíåøíÿÿ
êàëèáðîâêà êàìåðû: R, t



Ïîïðàâêà íà äèñòîðñèþ

Êîýôôèöèåíòû ðàäèàëüíîé äèñòîðñèè

K1,K2,K3 ∈ R;
òàíãåíöèàëüíîé äèñòîðñèè P1,P2,P3 ∈ R

x̄ = x − cx , ȳ = y − cy ,

r2 = x̄2 + ȳ2,

x ′ = x + x̄(K1r
2 + K2r

4 + K3r
6 + . . .)+

+[P1(r2 + 2x̄2 + 2P2x̄ ȳ ][1 + P3r
2 + . . .],

y ′ = y + ȳ(K1r
2 + K2r

4 + K3r
6 + . . .)+

+[2P1x̄ ȳ + P2(r2 + 2ȳ2)][1 + P3r
2 + . . .],



Ïðèìåðû: ïðîåêöèÿ ñ èñêàæåíèåì

Äèñòîðñèðîâàííîå (ñëåâà) è ïðîåêòèâíîå (ñïðàâà)

èçîáðàæåíèÿ

Â ðåàëüíîñòè, äèñòîðñèÿ çàâèñèò îò ðàññòîÿíèÿ äî

îáúåêòà è ôîêóñà â ìåòðàõ (äëÿ ðàçëè÷íûõ óðîâíåé

çóìà - îòëè÷àåòñÿ äèñòîðñèÿ)



Òî÷êà íà áåñêîíå÷íîñòè

Òî÷êè ïðÿìîé: X
Y
Z

 =

 Xa

Ya

Za

+ t

 Xb

Yb

Zb


Èçîáðàæåíèå òî÷åê ïðÿìîé

f
X

Z
= f

Xa + tXb

Za + tZb
→t→inf f

Xb

Zb

Íå çàâèñèò îò Xa,Za =⇒ ïàðàëëåëüíûå ïðÿìûå

ñõîäÿòñÿ íà èçîáðàæåíèè

Èñêëþ÷åíèÿ?



Òî÷êà íà áåñêîíå÷íîñòè â ïðîåêòèâíûõ
êîîðäèíàòàõ

Òî÷êè ïðÿìîé:
X
Y
Z
1

 =


Xa + tXb

Ya + tYb

Za + tZb

1

 ≡

≡


Xa/t + Xb

Ya/t + Yb

Za/t + Zb

1/t

→t→inf


Xb

Yb

Zb

0


Íàïðèìåð, ïðÿìàÿ ñ Xb = 1, Yb = 0,Zb = 0 ñõîäèòñÿ

ê (1, 0, 0, 0)T



Èçîáðàæåíèå ïëîñêîñòè

R = (r1 | r2 | r3); r1 = (R | t)


1

0

0

0





Èçîáðàæåíèå ïëîñêîñòè (2)

r1 = (R | t)


1

0

0

0

 v1 ≡ Kr1 = P


1

0

0

0


Êàê ïî ìàòðèöå P îïðåäåëèòü v1?

Îïðåäåëåíèå v1, v2, v3 - èñ÷åçàþùèå òî÷êè, òî÷êè íà

áåñêîíå÷íîñòè (çåíèòà èëè íàäèðà äëÿ

îðòîãîíàëüíîãî ïëîñêîñòè íàïðàâëåíèÿ, ãîðèçîíòà -

äëÿ íàïðàâëåíèÿ â ïëîñêîñòè)
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