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À.Í.Êîëìîãîðîâ

ß ïðèíàäëåæó ê òåì êðàéíå îò÷àÿííûì
êèáåðíåòèêàì, êîòîðûå íå âèäÿò íèêàêèõ
ïðèíöèïèàëüíûõ îãðàíè÷åíèé â êèáåðíåòè÷åñêîì
ïîäõîäå ê ïðîáëåìå æèçíè è ïîëàãàþò, ÷òî ìîæíî
àíàëèçèðîâàòü æèçíü âî âñåé ååø ïîëíîòå, â òîì
÷èñëå è ÷åëîâå÷åñêîå ñîçíàíèå, ìåòîäàìè
êèáåðíåòèêè. Ïðîäâèæåíèå â ïîíèìàíèè ìåõàíèçìà
âûñøåé íåðâíîé äåÿòåëüíîñòè, âêëþ÷àÿ è âûñøèå
ïðîÿâëåíèÿ ÷åëîâå÷åñêîãî òâîð÷åñòâà, ïî-ìîåìó,
íè÷åãî íå óáàâëÿåò â öåííîñòè è êðàñîòå òâîð÷åñêèõ
äîñòèæåíèé ÷åëîâåêà.



Î ÷åì ìû ïîãîâîðèì

Îñíîâíûå
ïîíÿòèÿ

Ëèíåéíûå
ìîäåëè

Íåâÿçêà è øóì

Øóì â
íàáëþäåíèÿõ



Ýêñïåðèìåíò

Ìåøîê ñ øàðàìè 2 öâåòîâ

Äîñòàëè N øàðîâ, ñðåäè íèõ ν - äîëÿ êðàñíûõ.
Çàäà÷à: îöåíèòü, ñêîëüêî êðàñíûõ â ìåøêå?



Ýêñïåðèìåíò

P(red) = µ; P(blue) = 1− µ

Íåîáõîäèìî íàéòè µ



Ýêñïåðèìåíò

Äîñòàëè 4 øàðà èç ìåøêà. ×òî ìû ìîæåì óçíàòü î
µ?



Ýêñïåðèìåíò

Îáùàÿ èíòóèöèÿ:

Ìîæåò áûòü, ν ñèëüíî îòëè÷àåòñÿ îò µ
Ñêîðåå âñåãî, ν ïðèìåðíî ðàâíî µ



Íåðàâåíñòâî Áåðíøòåéíà - Õåôäèíãà

Íåðàâåíñòâî Áåðíøòåéíà (Õåôäèíãà, Hoe�ding)
Ïðîèçâåäåì âûáîðêó äëèíû N, ïðè ýòîì âñå
ñëó÷àéíûå âåëè÷èíû, ó÷àñòâóþùèå â âûáîðêå,
íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû. Åñëè
çíà÷åíèÿ ñ.â. îãðàíè÷åíû, òî ñïðàâåäëèâî
íåðàâåíñòâî:

P(|ν − µ| > ε) ≤ 2e−2ε
2N

ν - ñðåäíåå ïî âûáîðêå ðàçìåðà N
µ - ìàòåìàòè÷åñêîå îæèäàíèå
Èíûìè ñëîâàìè, µ = ν àñèìïòîòè÷åñêè (ν →N→∞ µ)



Äîñòîèíñòâà íåðàâåíñòâà Áåðíøòåéíà -
Õåôäèíãà

P(|ν − µ| > ε) ≤ 2e−2ε
2N

Ïðàâàÿ ÷àñòü íå çàâèñèò îò µ
Ïîëó÷èì ïî âûáîðêå îöåíêó íåèçâåñòíîãî ìàò.
îæèäàíèÿ ÷èñëà øàðîâ:

ν ≈ µ⇒ µ ≈ ν

µ ν



Ãèïîòåçà

Øàð - òî÷êà x ∈ X
f (x) - íåèçâåñòíàÿ ôóíêöèÿ íà ìíîæåñòâå øàðîâ
h(x) - ôóíêöèÿ-ãèïîòåçà
Ìåøîê äëÿ ãèïîòåçû h - öâåòà øàðîâ çàäàíû êàê:

Øàð ñèíèé: ãèïîòåçà h âåðíà (äëÿ ýòîãî x ,
h(x) = f (x))

Øàð êðàñíûé: ãèïîòåçà h íå âåðíà (h(x) 6= f (x))

Ñëó÷àéíî âûáèðàÿ øàðû èç ìåøêà, óáåæäàåìñÿ â
èñòèííîñòè/ëîæíîñòè ãèïîòåçû äëÿ êîíêðåòíîãî x
Ïî âûáîðêå îöåíèâàåì äîëþ øàðîâ, äëÿ êîòîðûõ
ãèïîòåçà èñòèííà (ν)



Îáó÷åíèå êàê îáîáùåíèå ñ âûáîðêè íà
ìíîæåñòâî
Çàäà÷à ìàøèííîãî îáó÷åíèÿ - îáîáùåíèå ãèïîòåçû h
ñ âûáîðêè x1, x2, . . . , xN (ïîäìíîæåñòâà òî÷åê) ñ
èçâåñòíûìè çíà÷åíèÿìè f - íà ìíîæåñòâî òî÷åê
xN+1, . . . ñ íåèçâåñòíûìè çíà÷åíèÿìè f .
Èçâåñòíî:

x1, x2, . . . , xN → f (x1), f (x2), . . . , f (xN)

Íàõîäèì:

g : g(xi ) áëèçêî ê f (xi ), i = 1, . . . ,N

=⇒ g(xN+1) áëèçêî ê f (xN+1)

g(xN+2) áëèçêî ê f (xN+2)

. . .



Äèàãðàììà îáó÷åíèÿ

(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)



Çàäà÷à îáó÷åíèÿ

Íåîáõîäèìî íàéòè íàèëó÷øåå g ∈ H èç äîïóñòèìîãî
ìíîæåñòâà ãèïîòåç
Äëÿ ãèïîòåçû h ∈ H îïðåäåëèì

in sample error (îøèáêà ïî âûáîðêå) Ein(h) = ν - äîëÿ
èñòèííûõ �ïðåäñêàçàíèé� çíà÷åíèé f ãèïîòåçîé h ïî
âûáîðêå

out of sample error (îøèáêà ïî ïðîñòðàíñòâó)
Eout(h) = µ - äîëÿ èñòèííûõ �ïðåäñêàçàíèé�
çíà÷åíèé f ãèïîòåçîé h ïî âñåìó ìíîæåñòâó

P(|Ein(h)− Eout(h)| > ε) ≤ 2e−2ε
2N



Íåìàëîâàæíàÿ äåòàëü

P(|Ein(h)− Eout(h)| > ε) ≤ 2e−2ε
2N

Äëÿ êàæäîé êîíêðåòíîé ãèïîòåçû íåðàâåíñòâî
âûïîëíåíî.
Ïóñòü åñòü ìíîæåñòâî ãèïîòåç H.
Êàêîâà âåðîÿòíîñòü, ÷òî ãèïîòåçà g ∈ H, íàèëó÷øèì
îáðàçîì ïðèáëèæàþùàÿ f ïî âûáîðêå, áóäåò
íàèëó÷øèì îáðàçîì ïðèáëèæàòü f ïî âñåìó
ìíîæåñòâó?



Ïðîñòàÿ àíàëîãèÿ

Ñ êàêîé âåðîÿòíîñòüþ ìîíåòà, ïîäáðîøåííàÿ 10 ðàç,
âûïàäåò îäíîé è òîé æå ñòîðîíîé âñå 10 ðàç?

(0,001)
Ñ êàêîé âåðîÿòíîñòüþ îäíà èç 1000 ìîíåò, êàæäàÿ èç
êîòîðûõ ïîäáðîøåíà 10 ðàç, âûïàäåò îäíîé è òîé æå
ñòîðîíîé âñå 10 ðàç? (0,63)



Ïðîñòàÿ àíàëîãèÿ
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Ïðîñòàÿ àíàëîãèÿ
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Ïðîñòàÿ àíàëîãèÿ
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Ïðîñòàÿ àíàëîãèÿ
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Ïðîñòîå ðåøåíèå

P(|Ein(g)− Eout(g)| > ε) ≤

P
(
|Ein(h1)− Eout(h1)| > ε èëè

|Ein(h2)− Eout(h2)| > ε èëè . . .

èëè |Ein(hM)− Eout(hM)| > ε
)
=

=
M∑
i=1

P(|Ein(hi )− Eout(hi )| > ε)

≤ 2Me−2ε
2N

×åì ïëîõî?
Êàê óëó÷øèòü?



Êëàññèôèêàöèÿ. Ðàñïîçíàâàíèå
ðóêîïèñíûõ öèôð



Âûäåëèì ïðèçíàêè

"Ñûðîé" âõîä: çíà÷åíèÿ ïèêñåëåé (x1, . . . , x256)
"Ïðèçíàêè": èçâëå÷åíèå ïîëåçíîé èíôîðìàöèè
(èíòåíñèâíîñòü, ñèììåòðèÿ x1, x2)



Ïðîñòðàíñòâî ïðèçíàêîâ

(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)



Îáó÷åíèå ïåðöåïòðîíà (PLA)

ðàçäåëÿþùàÿ ïëîñêîñòü h(x) = sign(wT x)

òî÷êà íåâåðíîãî ïðåäñêàçàíèÿ:sign(wT xn) 6= yn

w := w + ynxn

(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)



Ëèíåéíàÿ ðåãðåññèÿ. Âûäà÷à êðåäèòà

Âõîäû:
âîçðàñò x (1)

çàðïëàòà x (2)

Âûõîä: ðàçìåð êðåäèòà
Çàäà÷à: ïîñòðîèòü ëèíåéíóþ ôóíêöèþ,
ñâÿçûâàþùóþ âõîäû è âûõîäû

h(x) =
d∑

i=0

w (i)x (i) = wT x



Çàäà÷à: ðåïëèêàöèÿ ïîâåäåíèÿ
êðåäèòíîãî ìåíåäæåðà

(x1, y1), (x2, y2), , . . . , (xN , yN)



Èçìåðåíèå îøèáêè

Áóäåì èñïîëüçîâàòü êâàäðàòè÷íóþ íåâÿçêó:

Ein(h) =
1

N

N∑
i=1

(h(xn)− yn)
2



Ðåçóëüòàò ëèíåéíîé ðåãðåññèè

(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)



Ðåçóëüòàò ëèíåéíîé ðåãðåññèè

∇Ein(h) = 0

Ein(h) =
1

N

N∑
i=1

(h(xn)− yn)
2 =

1

N

N∑
i=1

(wT xn − yn)
2

=
1

N
‖Xw − y‖2

Îòñþäà

∇Ein(h) = ∇w
1

N
‖Xw − y‖2 = 2

N
XT (Xw − y) = 0

XTXw = XT y



Ïñåâäîîáðàòíàÿ ìàòðèöà

A - ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ èç Rd â Rq,
q < d .
A+ - ïñåâäîîáðàòíàÿ ìàòðèöà äëÿ A.
Äëÿ v ∈ Ker(A), x /∈ Ker(A) A(x + v) = Ax ,
A+(Ax) = x
Äëÿ v /∈ Ker(A) Av = m, A+m = v
×åðåç svd ðàçëîæåíèå:

A = U
diag(σ1, . . . , σn)

0
V T ,

A+ = V
diag(1/σ1, . . . , 1/σn)

0
UT ,

Âîïðîñ: äëÿ v ∈ Ker(A) ñóùåñòâóåò ëè
w : A+w = v?



Ðåçóëüòàò ëèíåéíîé ðåãðåññèè

XTXw = XT y

Åñëè XTX îáðàòèìà,

w = (XTX )−1XT y

Åñëè íåò (îáû÷íî, òê èçìåðåíèé áîëüøå ÷åì
ïàðàìåòðîâ):

w = (XTX )+XT y



Ëèíåéíàÿ ðåãðåññèÿ äëÿ êëàññèôèêàöèè

y = sign(wT x) = +1 ∨ −1



Íåëèíåéíàÿ êëàññèôèêàöèÿ

(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)



Íåëèíåéíàÿ êëàññèôèêàöèÿ ÷åðåç
ëèíåéíóþ

1. X = (x (1), x (2))→ (x (1)
2

, x (2)
2

) = X̂

2.w = (X̂T X̂ )+X̂T y



Îïðåäåëåíèå õîðîøåé ãèïîòåçû

f ≈ h - ÷òî ýòî çíà÷èò?
Ïî÷òè âñåãäà íåâÿçêà îïðåäåëÿåòñÿ ïîòî÷å÷íî:
e(f (x), h(x))
Ïðèìåðû:

1 êâàäðàòè÷íàÿ e(f (x), h(x)) = (f (x)− h(x))2

2 áèíàðíàÿ e(f (x), h(x)) = id(f (x) 6= h(x))



Ïîëíàÿ è ïîòî÷å÷íàÿ îøèáêà

Ïîëíàÿ îøèáêà îïðåäåëÿåòñÿ ÷åðåç ïîòî÷å÷íûå
e(f (x), h(x)):

Ein =
1

N

N∑
n=1

e(f (xn), h(xn))

Eout = Exe(f (x), h(x))



Êëàññèôèêàöèÿ: êàê âûáðàòü îøèáêó?

- f f f
h - +1 -1
h +1 true accept false accept
h -1 false reject true reject

Ñóïåðìàðêåò vs

ÖÐÓ



Êëàññèôèêàöèÿ: êàê âûáðàòü îøèáêó?

- f f f
h - +1 -1
h +1 true accept false accept
h -1 false reject true reject

Ñóïåðìàðêåò vs

ÖÐÓ



Ðîëü ôóíêöèè îøèáêè

(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)



Çàäà÷à: êðåäèò

Âõîäû:
âîçðàñò x (1)

çàðïëàòà x (2)

Âûõîä: ðàçìåð êðåäèòà
Ïðîáëåìà âõîäû îäèíàêîâûå, âûõîä - ðàçíûé.
×òî äåëàòü?



Øóì â íàáëþäåíèÿõ

Âìåñòî y = f (x) áóäåì èñïîëüçîâàòü P(y |x), òàê êàê
íàáëþäåíèå ïîäâåðãàåòñÿ çàøóìëåíèþ
(x , y) ãåíåðèðóþòñÿ ðàñïðåäåëåíèåì P(y |x)P(x)
Äåòåðìèíèðîâàííàÿ êîìïîíåíòà:

f (x) = E(y |x)

Ñëó÷àéíàÿ êîìïîíåíòà:

y − f (x)



Ðîëü ðàñïðåäåëåíèÿ y

(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)



Öåëü îáó÷åíèÿ â òåðìèíàõ âåðîÿòíîñòè

Õîòèì:
Eout(g) = 0

Ïûòàåìñÿ äîñòè÷ü:

Ein(g) ≈ Eout(g) Ein(g) = 0

1. Ìîæíî ëè ñóäèòü î Eout ïî Ein?
2. Êàê óìåíüøèòü Ein?



Áóäóùàÿ òåîðèÿ

Äèíàìèêà îøèáêè îò ñëîæíîñòè ìîäåëè
(c) Y. Abu-Mostafa, Learning From Data (Caltech
online)


	 
	 
	  
	  

