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Ïðåîáðàçîâàíèå
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Íàâîäÿùèå ñîîáðàæåíèÿ

Îïðåäåëåíèå

Ñâîéñòâà

Äèñêðåòèçàöèÿ

(ñýìïëèíã)
Ïîÿñíåíèå çàäà÷è

Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà

Òåîðåìà Íàéêâèñòà - Êîòåëüíèêîâà

Îò ìîäóëèðîâàííîãî �ãðåáíÿ Äèðàêà� ê äèñêðåòíîìó

ñèãíàëó

Çàäà÷è



Èìïóëüñíàÿ õàðàêòåðèñòèêà èç À×Õ

Âñïîìíèì:

H(e jω) =
∞∑

n=−∞
h[n]e−jωn

Äîêàæåì, ÷òî

h[n] =
1

2π

∫ π

−π
H(e jω)e jωndω

1

2π

∫ π

−π
H(e jω)e jωkdω =

1

2π

∫ π

−π
[
∞∑

n=−∞
h[n]e−jωn]e jωkdω

=
∞∑

n=−∞
h[n]

1

2π

∫ π

−π
e jω(k−n)dω = h[k].



Ïðåîáðàçîâàíèå Ôóðüå

Îïðåäåëåíèå Ïðåîáðàçîâàíèå Ôóðüå ñèãíàëà x [n] - ôóíêöèÿ
X (e jω) íåïðåðûâíîé ïåðåìåííîé ω:

X (e jω) =
∞∑

n=−∞
x [n]e−jωn

Îïðåäåëåíèå Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå - ôîðìóëà ñèíòåçà

ñèãíàëà ïî åãî ï.Ô.:

x [n] =
1

2π

∫ π

−π
X (e jω)e jωndω.

X (e jω) = XR(e jω) + jXI (e
jω) = |X (e jω)|e jθ,

θ = arg(X (e jω)).



Ñâîéñòâà

Òåîðåìà î
ñâåðòêå

Ïðåîáðàçîâàíèå Ôóðüå îò ñâåðòêè x [n] ∗ h[n] åñòü
ïðîèçâåäåíèå ïðåîáðàçîâàíèé Ôóðüå îò

ñâîðà÷èâàåìûõ ñèãíàëîâ X (e jω)H(e jω).

Èäåÿ
äîêàçàòåëüñòâà e jωn → H(e jω)e jωn

1

2π

∫ π

−π
X (e jω)e jωndω → 1

2π

∫ π

−π
H(e jω)X (e jω)e jωndω

Y (e jω) = X (e jω)H(e jω)



Ñâîéñòâà (2)

Ñâîéñòâà x [n] âåùåñòâåííî =⇒
X (e jω) = X ∗(e−jω)

XR(e jω) = XR(e−jω) ÷åòíàÿ

XI (e
jω) = −XI (e

−jω) íå÷åòíàÿ

|X (e jω)| ÷åòíàÿ
arg X (e jω) íå÷åòíàÿ

Äîêàçàòåëüñòâî

x [n] = x∗[n] =⇒ 1

2π

∫ π

−π
X (e jω)e jωndω =

=
1

2π

∫ π

−π
X ∗(e jω)e−jωndω =

=
1

2π

∫ π

−π
X ∗(e−jω)e jωndω =

(âåðíî äëÿ âñåõ n) =⇒ X (e jω) = X ∗(e−jω).
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Çàäà÷à äèñêðåòèçàöèè

Äèñêðåòèçàöèÿ ñ ïåðèîäîì T ÷åðåç ìîäóëÿöèþ

�ãðåáíÿ Äèðàêà�

xc(t) : R→ C íåïðåðûâíûé ñèãíàë (ôèçè÷åñêèé

ïðîöåññ)

s(t) : R→ C �Ãðåáåíü Äèðàêà�, s(t) =
∑

n δ(t − nT )

x [n] : Z→ C äèñêðåòíûé ñèãíàë

Ïðè ýòîì:

x [n] = xc(nT )



Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà
äèñêðåòèçàöèè

xs(t) = xc(t)s(t) = xc(t)
∞∑

n=−∞
δ(t − nT ).

Ñîãëàñíî (Oppenheim, Willsky 1997), S(jΩ)
(íåïðåðûâíîå ïðåîáðàçîâàíèå Ôóðüå îò s(t) ) ðàâíî

S(jΩ) =
2π

T

∞∑
k=−∞

δ(Ω− kΩs),

äëÿ Ωs = 2π/T (÷àñòîòà äèñêðåòèçàöèè).

Xs(jΩ) =
1

2π
Xc(jΩ) ∗ S(jΩ) =

1

T

∞∑
k=−∞

Xc(j(Ω− kΩs))



Íàëîæåíèå ñïåêòðîâ (Oppenheim et al. 1998 )



Òåîðåìà Íàéêâèñòà-Êîòåëüíèêîâà

Åñëè ó âõîäíîãî ñèãíàëà xc(t) íåò ÷àñòîò âûøå ΩN ,

ò.å. Xc(jΩ) = 0 ïðè |Ω| > ωN , òî âîññòàíîâëåíèå

xc(t) ïî xs(t) âîçìîæíî ñ èñïîëüçîâàíèåì

èäåàëüíîãî ôèëüòðà íèæíèõ ÷àñòîò ñ ÷àñòîòîé ñðåçà

Ωc , óäîâëåòâîðÿþùåé íåðàâåíñòâó

ΩN < Ωc < (Ωs − ΩN),

ãäå Ωs = 2π/T .



Ïåðåõîä îò ìîäóëèðîâàííîãî ãðåáíÿ ê
äèñêðåòíîìó ñèãíàëó
Äëÿ xs(t) ñïðàâåäëèâî

xs(t) = xc(t)
∞∑

n=−∞
δ(t − nT ).

Âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå ìîäóëèðîâàííîãî

ñèãíàëà xs(t):

Xs(jΩ) =

∫ ∞
−∞

xc(t)e−jΩt
∞∑

n=−∞
δ(t − nT )dt =

=
∞∑

n=−∞
xc(nT )e−jΩnT .

Ñ äðóãîé ñòîðîíû, x [n] = xc(nT ), ïîýòîìó

X (e jω) =
∞∑

n=−∞
x [n]e−jωn =

∞∑
n=−∞

xc(nT )e−jωn,



Ïåðåõîä îò ìîäóëèðîâàííîãî ãðåáíÿ ê
äèñêðåòíîìó ñèãíàëó (2)

Ñïåêòðû ìîäóëèðîâàííîãî è äèñêðåòíîãî ñèãíàëîâ

ñîâïàäàþò:

Xs(jΩ) = X (e jω)|ω=ΩT = X (e jΩT ).

Â èòîãå,

X (e jΩT ) =
1

T

∞∑
k=−∞

Xc(j(Ω− kΩs))

èëè

X (e jω) =
1

T

∞∑
k=−∞

Xc(j(
ω

T
− 2πk

T
)).



Çàäà÷è

Îïðåäåëèòü ïðåîáðàçîâàíèå Ôóðüå äëÿ

x [n] = δ[n − 3]

x [n] = 0.5δ[n + 1] + δ[n] + 0.5δ[n − 1]

x [n] = anu[n], 0 < a < 1



Çàäà÷è (2)

Ïóñòü åñòü ëèíåéíûé ñòàöèîíàðíûé ôèëüòð

íåïðåðûâíîãî ñèãíàëà ñ èìïóëüñíîé õàðàêòåðèñòèêîé

ha(t) è äèñêðåòíûé ëèíåéíûé ñòàöèîíàðíûé ôèëüòð

ñ èìïóëüñíîé õàðàêòåðèñòèêîé hd [n].

ha(t) =

{
ae−at , t ≥ 0, a > 0

0, t < 0.

Îïðåäåëèòü À×Õ àíàëîãîâîãî ôèëüòðà, ñäåëàòü

íàáðîñîê åãî àìïëèòóäíîé õàðàêòåðèñòèêè

Åñëè hd [n] = cha(nT ), îïðåäåëèòü À×Õ äèñêðåòíîãî

ôèëüòðà è òàêîå çíà÷åíèå c , ÷òî äëÿ ω = 0 ôèëüòð

óñèëèâàåò ñèãíàë ñ êîýôôèöèåíòîì 1. Ñäåëàòü

íàáðîñîê àìïëèòóäíîé õàðàêòåðèñòèêè Hd(e jω).
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